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Abstract 

We prove that any positive solution of dtu— Au + u q = (q > 1) in R w x (0, oo) with 
| initial trace (F, 0), where F is a closed subset of R N can be represented, up to two universal 

multiplicative constants, by a series involving the Bessel capacity C 2 / q . q >- As a consequence 
we prove that there exists a unique positive solution of the equation with such an initial 
trace. We also characterize the blow-up set of u(x,t) when 1 1 , by using the "density" of 
F expressed in terms of the C2/g.g< -Bessel capacity. 
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1 Introduction 



Let T G (0,oo] and Q T = R N x (0,T] (N > 1). If q > 1 and u G C 2 (Q T ) is nonnegative and 
verifies 

d t u-Au + u q = inQ T , (1.1) 

it has been proven by Marcus and Veron [28] that there exists a unique outer-regular positive 
Borel measure u in R N such that 

lhauLt) = v. (1.2) 



in the sense of Borel measures; the set of such measures is denoted by 33^ e9 (R ). To each of its 
element v is associated a unique couple (S u ,/j, u ) (we write v (S u ,fj, u )) where S u , the singular 
part of v, is a closed subset of R N and /Xj,, the regular part is a nonnegative Radon measure on 
1Z V = R N \S U . In this setting, relation (jl.2p has the following meaning : 

(i) lim^o In u(.,t)(dx = / (d//^, VC G Cq{TZ v ), 

" J *~ (1.3) 

(ii) limj^o / u(.,t)dx = 00, VO C 1^ open, On5,/0. 

The measure 1/ is by definition the initial trace of u and denoted by Tr^jv (u) . It is wellknown 
that equation (II. ID admits a critical exponent 

1< g < g c = 1 + — . 

This is due to the fact, proven by Brezis and Friedman [7J, that if g > q c , isolated singularities 
of solutions of (jl.ip in R N \ {0} are removable. Conversely, if 1 < q < q c , it is proven by the 
same authors that for any k > 0, equation (|1.1|) admits a unique solution Uks with initial data 
k5o. This existence and uniqueness results extends in a simple way if the initial data Mo is 
replaced by any Radon measure \i in R N (see [B]). Furthermore, if k — > 00, increases and 
converges to a positive, radial and self-similar solution Uqo of (jl.ip . Writing it under the form 

i) = t a- 1 / is a positive solution of 

f A/ + iy.Z)/ + l / - /« = in R N 

" \_ (1-4) 
I lir%|->t>o bl'" 1 /(y) = 0. 

The existence, uniqueness and the expression of the asymptotics of / has been studied thoroughly 
by Brezis, Peletier and Terman in [8]. Later on, Marcus and Veron proved in [28] that in the 
same range of exponents, for any v G 25^ e9 (lR ), the Cauchy problem 

f dtu — Au + u q = in Qoo, 

{ (1-5) 
I Tr RN (u)=u, 

admits a unique positive solution. This result means that the initial trace establishes a one to 
one correspondence between the set of positive solutions of (jl.ip and *8™ 9 (R ). A key step for 
proving the uniqueness is the following inequalities 

r¥=if(\x-a\/Vi) <u(x,t) < ((q-l)t)-T* V(x,t) G Qoo, (1-6) 
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valid for any a G <S„. As a consequence of Brezis and Friedman's result, if q > q c , i.e. in 
the supercritical range, Problem (|1.5p may admit no solution at all. If v G Q^^R^), v ~ 
(S u ,fi u ), the necessary and sufficient conditions for the existence of a maximal solution u = u u 
to Problem (jl.5p are obtained in [28J and expressed in terms of the the Bessel capacity C 2 / ?j9 ', 
(with q' = q/(q — 1)). Furthermore, uniqueness does not hold in general as it was pointed out 
by Le Gall |23| . In the particular case where S u = and v is simply the Radon measure \i v , the 
necessary and sufficient condition for solvability is that [i v does not charge Borel subsets with 
C2/g !( j'-capacity zero. This result was already proven by Baras and Pierre [5] in the particular 
case of bounded measures and extended by Marcus and Veron [28J to the general case. We 
denote by Wl q + (1^) the positive cone of the space Wl q (R N ) of Radon measures which do not 
charge Borel subsets with zero C 2 / q , q ' -capacity. Notice that W~ 2 ^ q ' q (R N ) n Wl b + (M. N ) is a subset 
of OTt^R^) where 971^(1^) is the cone of positive bounded Radon mesures in M. N . For such 
measures, uniqueness always holds and we denote = u^ v . 

In view of the already known results concerning the parabolic equation, it is useful to recall 
the main advanced results previously obtained for the stationary equation 

- Au + u q = in n, (1.7) 

in a smooth bounded domain of M. N . This equation has been intensively studied since 1993, 
both by probabilists (Le Gall, Dynkin, Kuznetsov) and by analysts (Marcus, Veron). The 
existence of a boundary trace for positive solutions, in the class of outer-regular positive Borel 
measures on d£l, is proven by Le Gall [22], |23| in the case q = N = 2, by probabilistic methods, 
and by Marcus and Veron in [26], [27] in the general case q > 1, N > 1. The existence of 
a critical exponent q e = (N + l)/(-/V — 1) is due to Gmira and Veron |14] who shew that, if 
q > q e boundary isolated singularities of solutions of (jl.7p are removable, which is not the case 
if 1 < q < q e . In this subcritical case Le Gall and Marcus and Veron proved that the boundary 
trace establishes a one to one correspondence between positive solutions of (|1.7p in Q and outer 
regular positive Borel measures on d£l. This fundamental result does not hold in the supercritical 
case q > q e . In |12] Dynkin and Kuznetsov introduced the notion of a- moderate solution which 
means that u is a positive solution of (II. 7p such that there exists an increasing sequence of 
positive Radon measures on dQ {// n } belonging to W~ 2 / q ' q (<9$7) such that the corresponding 
solutions v = v^ n of 

( -Av + v q = in n . . 

\ v = [i n in 90 

converges to u locally uniformly in fi. This class of solutions plays a fundamental role since 
Dynkin and Kuznetsov proved that a u-moderate solution of (jl.7p is uniquely determined by its 
fine trace, a new notion of trace introduced in order to avoid the non-uniqueness phenomena. 
Later on, it is proved by Mselati (if q = 2) [36], then by Dynkin (if q e < q < 2) [10] and 
finally by Marcus with no restriction on q [25] . that all the positive solutions of (11.7P are a- 
moderate. One of the key-stones element in their proof (partially probabilistic) is the fact that 
the maximal solution uk of (|l,7p with a boundary trace vanishing outside a compact subset 
K C dO, is indeed <T-moderate. This deep result was obtained by a combination of probabilistic 
and analytic methods by Mselati [36J in the case q = 2 and by purely analytic tools by Marcus 
and Veron [31], [32] in the case q > q e . Defining u K as the largest u-moderate solution of 
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(|l-7j) with a boundary trace concentrated on K, the crucial step in Marcus- Veron's proof (non 
probabilistic) is the bilateral estimate satisfied by uk and u K 

C- 1 p(x)W K {x) < u K (x) < u K (x) < Cp(x)W K (x). (1.9) 

In this expression C = C(f2, g), p(x) = dist (x, 90) and Wp(x) is the elliptic capacitary potential 
of if defined by 

oo ^ ^ 

W^x) = Y, 2 ~^C 2M (2 m K m (x)), (1.10) 

— oo 

where if m (x) = if n {z : < | 2T — x\ < 2 m }, the Bessel capacity being relative to R . 

Note that, using a technique introduced in [27j, inequality uk < C 2 u K implies u K = uk- 

The aim of this article is to initiate the fine study of the complete initial trace problem for 
positive solutions of (II. ID in the supercritical case q > q c and to give in particular the parabolic 
counterparts of the results of [36J, [31J and [32]. Extending Dynkin's ideas to the parabolic case, 
we introduce the following notion 

Definition 1.1 A positive solution u of (11. ip is called a-moderate if their exists an increasing 
sequence {n n } C W~ 2 / q ' q ($L N ) fl 3Jt + (R N ) such that the corresponding solution u := u^ n of 

dtu — An + u q = in Qoo 

(1.11) 

u(x, 0) = p n in R , 

converges to u locally uniformly in Qoq. 

If F is a closed subset of R , we denote by up the maximal solution of (jl.ip with an initial 
trace vanishing on F°, and by u F the maximal a- moderate solution of (11. ip with an initial trace 
vanishing on F c . Thus u F is defined by 

u F = sup{n M : u G If- 2 /"'"^) n 2^(1^), p(F c ) = 0}, (1.12) 

(and clearly W~ 2 / q ' q (M. N ) n JBT^R^) can be replaced by 371+ (R-^)). One of the main goal of 
this article is to prove that up is cr-moderate and more precisely, 

Theorem 1.2 For any q > 1 and any closed subset F of~K N , up = u F . 

We define below a set function which will play a fundamental role in the sequel. 

Definition 1.3 Let F be a closed subset ofR N . The Bessel parabolic capacitary potential Wp 
of F is defined by 

I °° Af 2 / F \ 

W F (x,t) = — YV+^e-t C 2/q>q , v(M) e Qoo, (1.13) 

where C 2 i qq i is the N -dimensional Bessel capacity, d n = ynt and F n = {y £ F : d n < \x — y\ < d n+ \}. 
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In our study, it is useful to introduce a variant of W F with the help of the Besov capacity: 
if Q C 1^ is a bounded domain, we set 

I,,,, j ft iw-w/ ^r, ( U 4) 

2 /™ \J Jnxn \ x -y\ N +iri J 

if 1< 2/g < 1, and \\<f>\\ Bl 2 = ||V0|| i2 if 2/g = 1 (i.e. N = 2 and q = 2). The Besov capacity of 
a compact set if C O relative to f2 is expressed by 

= inf {|MIb 2/ ,„, : 6 C °°(O),0 < 0< 1,7? = 1 on K} . (1.15) 

The Besov-parabolic capacitary potential W F of F is defined by 

W F (x,t)=t-^ d n+r 1 ^Rl/ q Aj J ^) V(M) e Qoo, (1-16) 

n=0 



where T n = Bd n+1 \ B^. The Besov-parabolic capacitary potential is equivariant with respect 
to the same scaling transformation which let (jl-l|) invariant in the sense that, for any I > 0, 

£^W F (Vlx,lt) = W F/VI (x,t) \f(x,t) e Qoo. (1.17) 

and we prove that there exists c = c(N, q) > such that 

cT^jKM) < W F (x,t) < cW F {x,t) \/(x,t)eQ 00 . (1.18) 

One of the tool for proving Theorem 11.21 is the following bilateral estimate which is only 
meaningful in the supercritical case, otherwhile it reduces to ()1.6|) ; 

Theorem 1.4 For any q > q c there exist two positive constants C\ > C 2 > 0, depending only 
on N and q such that for any closed subset F ofM. N , there holds 

C 2 W F (x, t) < u F (x, t) < u F (x, t) < dW F (x, t) V(x, t) E Qoo- (1.19) 

Actually our result is more general since the upper estimate in ()1.19j) is valid for any positive 
solution of 

d t u - Aw + u q < in Q T (1.20) 



satisfying 



limu(a;,t) = locally uniformly in F c . (1-21) 

t— >o 



Extension to positive solutions of 

d t u- An + /(it) = inQ T (1.22) 
where / is continuous from M + to M + and satisfies 

c 2 r q < f(r) < cir q Vr > (1.23) 



for some < C2 < c\ is straightforward. 

This quasi representation, up to uniformly upper and lower bounded functions, is also 
interesting in the sense that it indicates precisely how to characterize the blow-up points of 
uf = u F := up. Introducing an integral expression comparable to Wf, we show in particular 
the following results 

]im t^~ n C 2M (Ff]B T (x)) = 7G [0,oo) ^ Yunt^u F (x,t) = C7 (1.24) 

for some C 7 = C(N, q, 7) > 0, and 

_JL_ (F \ 

limsup Ti- 1 C2/0 Q > [ — H Bi{x) < 00 limsuptii?(x,i) < 00. (1.25) 

Our paper is organized as follows. In Sectionl we recall some properties of the Besov spaces 
with fractional derivatives B s ' p and their links with heat equation. In Section 2 we obtain 
estimates from above on up- In Section 3 we give estimates from below on up. In Section 4 we 
prove the main theorems and expose various consequences. In Appendix we derive a series of 
sharp integral inequalities. 

Aknowledgements The authors are grateful to the European RTN Contract N° HPRN-CT- 
2002-00274 for the support provided in the realization of this work. The authors are grateful to 
Luc Tartar for providing them the proof of the sharp Poincare inequality Proposition 12.51 and 
related references. 



2 Estimates from above 

Some notations. Let O be a domain in M N with a compact C 2 boundary and T > 0. Set B r {a) 
the open ball of radius r > and center a (and B r (0) := B r ) and 

:= x (0,T), 8 e Q T =dttx (0,T), Q T := Qf" , := Qjjf. 

Let H [.] (resp. H[.]) denote the heat potential in $7 with zero lateral boundary data (resp. the 
heat potential in M N ) with corresponding kernel 

f-y jv l^ - y\^ 

(x, y, t) ^ H u (x, y, t) (resp.(x, y, t) \-> H(x, y, t) = (Airt)~^e ~). 
We denote by q c := 1 + the Brezis-Friedman critical exponent. 

Theorem 2.1 Let q > q c . Then there exists a positive constant C\ = Ci(N,q) such that for 
any closed subset F ofM. N and any u 6 C 2 (Qoo) Pi C{Q^ \ F) satisfying 

dtu — Am + u q = in Qoo 

(2.1) 

limu(x,t) = locally uniformly in F c , 
t— >o 

there holds 

u(x,t) < dW F (x,t) V(x,t) e Qoo, (2.2) 
where Wf is the (2/ q, q') -parabolic capacitary potential of F defined by (|1.13p . 
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First we consider the case where F = K is compact and 

K C B r C B r , (2.3) 
and then we extend to the general case by a covering argument. 

2.1 Capacities and Besov spaces 
2.1.1 L p regularity 

Throughout this paper C will denote a generic positive constant, depending only on N, q 
and sometimes T, the value of which may vary from one occurrence to another. We also use 
sometimes the notation A ~ B for meaning that there exists a constant C > independent of 
the data such that C~ l A < B < CA. 

We recall some classical results dealing with L p capacities as they are developed in [5]: if 
1 < p < oo we denote 

W^(R N+1 ) := {(j) G V{R N+1 ) : d t cf>, V0, D 2 G L P (R N+1 )}, (2.4) 

with the associated norm 

Mwp = UWlp + + II^Hip + \\D 2 4>\\ LP . (2.5) 

We define a corresponding capacity on compact sets, that we extend it classicaly on capacitable 
sets. 

C 2 ,i, P {E) = inf{ || 011^2,1 : 4> G Cg°(K JV+1 ) : </> > 1 in a neighborhood of E}, (2.6) 

We extend the heat kernel H in R N+1 = {(x,t) el^xR} by assigning the value for t < 0. 
Then, for any r\ G Cq(R n ), 

BM(x,t) = i °„ , rv . X l\ < ° (2.7) 

where 5o has to be understood as the Dirac measure on M at t = 0. For any subset E G M iV+1 

C H>P (E) = m{{\\f\\ LP : / G L p (M Ar+1 ), H * f > 1 on E}. (2.8) 
The following result is proved in [51 Prop 2.1]. 

Proposition 2.2 For any T > 0, i/zere exists c = c(T,p,N) such that 

c^Ch^E) < C 2 ,i, P (E) < cC H , P ( E ) ^ E C M W x] - T,T[, E Borel. (2.9) 
We recall the Gagliardo Nirenberg inequality valid for any cj) G Co°(lR a! ) 

||V^||? 2P <c d , p U\f Lao ||£> 2 C P . (2.10) 
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Furthermore, the trace at t = of functions in Wp' 1 belongs to the Besov space B 2 p' p (R JV ). 

However, in our range of exponents B 2 ~p' p (M. N ) = W 2 ~p' p (R N ). The reason for this is that 
2 — | is not an integer except if p = 2, in which case equality holds also. If we set 



c 2 _2 JK) = inf{||<£|| 2 _2„ : <j> G Cq°(R ),4> > 1 in a neighborhood of if}. (2.11) 



then [51 Prop 2.3]. 



Proposition 2.3 There exist c = c(N,p) > suc/i that 



c _1 c 2 _2 (£) < C 2 ,i,pCE x {0}) < cc 2 _2 (£) ME C £ Sore/. 



(2.12) 



The c 2 _2 -capacity is equivalent to the Bessel capacity C 2 _2 defined by 





p 



2.1.2 The Aronszajn-Slobodeckij integral 

If Q, is a domain in M. N and < s < 1, we denote by ||.[|s»>p(n) ^ ne Aronszajn-Slobodeckij norm 
defined on Cg°(fi) by 



In the case 1 < s < 2, all the results which are presented still holds by replacing the function by 
its gradient. We also consider the case s = 1, but in our range of exponents the corresponding 
exponent for p is 2, in which case the space under consideration is just Hq(U). Since the 
imbedding of W 1,p (£l) is compact, it follows the imbedding of B s,p (£l) into L P {Q) is compact 
too. Therefore the following Poincare type inequality holds [39, p. 134]. Actually, the proof, 
obtained by contradiction, is given with W l,p {rt) instead of B S ' P (Q), but it depends only on the 
compactness of the imbedding. 

Proposition 2.4 Let Q be a bounded domain and, p £ (l,oo) and < s < 1 such that sp < N. 
Then there exists A = X(fl,N,p) > such that 



Remark. If sp > N, the same proof re holds for all rj S Co°(Jl) (see the proof of Th 8.2]) 





(2.14) 




(2.15) 




f M>) - ri{y)\ p 

nxn \x-y\ N +** 



i/p 



\n(z) -r}{z')\ 



dxdy 



> c 



(2.16) 



z — z' 
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with a = s — N/p and C = C(s,N,p). This estimate implies 



() n \ x -y\N +sp dxd y) ^ Cd Nlx« 5 ( 2 - 17 ) 

where <i is the width of f2, i.e. the smallest of 5 > such that there exists an isometry 1Z such 
that K(tl) C £> 5 := {x = : < x 1 < 5}. 

The related unpublished result due to L. Tartar |40j will be useful in the sequel. We reproduce 
its proof for the sake of completeness. 

Proposition 2.5 Assume b > a and f2 C T a _f, := {x = (x±,x') : a < x% < b} is a domain. If 
sp < N there exists C = C(s,p, N,b/a) > such that that 

|7 ? (a ° ~Z { +S dxdy >X(b-a) sp [ \ V {x)\ p dx Vr? G C °°(O). (2.18) 
fix!) F — V\ ' Jn 

Proof. Using the notation of [24J, W'*(R N ) is the interpolation space [W 1 ' p (R N ),L p (R N )]s iP 
and subset of L^R^" 1 ; [W^R), LPR] SyP ) = L P (R N ~ 1 ;W S ' P (R)), with continuous imbedding. 
Thus there exist C > such that 

Jrn-iJ J RxR \xi -yi\ L+s P 

< c ( M % + ff y-yw 

for all r/ 6 Cq^R^). This inequality is valid if r/ is replaced by r/ r where i] T (x) = t](tx) and 
r > 0. This gives 

Jrk-U J rxr \xi-yi\ 1+s P 

\ v(x) - y(y)\ p 
\x - y\ 



Letting r — )• 0, we obtained 

f ff lf)-y ^< c // M*) -ff'^ dy v^eqfCR^). 

Jrn-i J J RxR |xi-yi| i+s P J Jun xR n |x-y| JV+s P 

(2.20) 

Using Proposition 12.41 with iV = 1 we get 

C t ^^'^^^ dx^y, > A C^x'Wdx, y V G ((0, 1) x l^ 1 ) 
Jo Jo \xi — yi\ ^ F Jo 

for all x' G R^™ 1 . Using a standard change of scale, it transforms into 
f [ b lV{X ) ,X 'l~][l] , p X,)lP \dx 1 dy 1 > X(b-ar fl^x')^ Vr? G Cg° ((a, 6) x R^ 1 ) 

Jo J a 

Integrating over R^ -1 and using (|2.2U|) . we derive (|2.18p . □ 
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Definition 2.6 Assume s G (0, 1) and sp < 1 or s = 1 and p = 2. If Q is any domain in W N , 
the Besov space Bq P (£1) is the closure ofCg°(p,) with respect to the norm 

IMIfis.p = IMIb^p WvWlp ■ (2-21) 
The following result is derived from Proposition 12.51 

Corollary 2.7 Let b > a > and Q be an open domain ofM> N such that Q C B^ \ B a . Then 
there exists a constant C = C(s,p,N) > such that for any rj G C^°(Q) 

IMI B s, P < U\ BS , P < C(b - a)*? \\ V \\ BS , P . (2.22) 



2.1.3 Heat potential and Besov space 

If rj G C^°(il), we extend it by outside f2 and set 

\\v\\bs,p = (/ / y-^OM^ dxjY P (2.23) 

It is well known (see e.g. [3]) that the Besov space B S ' P (Q) can be defined directly as the 
space of 77 £ L P (Q) functions such that ||n||^ 3 , p < 00 or or such that ||n||^ SiP < 00. It coincides 
with the the interpolation space [W /2,p (r2), L p (f2)] s ^ 2 p (see (23]). Furthermore, there exists 
C = C{s,p, N) > such that 

c-mivhp + Wvh**) < h\\ L p + \\v\\B°*< c {\\v\\LP + \H B ^) ^ e B s > p (n). (2.24) 

Lemma 2.8 Assume < s < 1 and 1 < p < oo or s = 1 andp = 2. T/ien £/iere exists a positive 
constant C, depending only on s,p,N, such that for any domain there holds 

C^W^Wbs,, < \\vWb-* <C \\v\\ B s,p Vt/gCq 00 ^). (2.25) 

Proof Let rj G C$°(R N ) and r > 0. Set n T (x) = n(rx), then ([^25]) applied to r] T yields to 

(hllLP + T ° Mi}-*) < (IMLp + T ° WvWb'*) ^ c (IMIlp + rS IMIb-*) • 

Since it holds for any arbitrary large r and 77 G C^°(lR Ar ), ()2.25|) follows. □ 

We denote by Tn(K) the set of functions 77 G Cg°(fJ) such that < 77 < 1 and 17 = 1 on if. 
If O is a bounded subset of R^, we define the Besov capacity of a compact set K C C by 



R%{K) = mf^f.^ : 7, G Tn{K)}, (2.26) 

and the Bessel capacity relative to £1 by 

C%{K) = inf{|M|*., p : 77 G Tn(^)}. (2.27) 

We extend classicaly this capacity to any capacitable set K C 0. This capacity has the following 
scaling property. 
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Lemma 2.9 For any r > and any capacitable set K C £1, there holds 

R%{K)=T N - s *Ri; n {T- 1 K). (2.28) 

Furthermore, if O C B^\B a , there exists c = c(b — a, h/ a, N, s,p) > such that 

c-'C^K) < R%{K) < cC%{K). (2.29) 

Finally, if K C Q' C O' C Q, there exists c = c(N, s,p, dist (Q' , Q c )) such that 

C s ,p(K) < C%(K) < cC s , p (K). (2.30) 

Proof. The scaling property (|2.28p is clear by change of variable. Estimate (|2.29p is a con- 
sequence of Definition 12.61 and Proposition 12.51 For the last statement, the left-hand side is 
obvious. For the right-hand side, consider a smooth nonnegative cut-off function £ which is 1 on 
Q', has value between and 1 and has compact support in Q. If r\ G T^n(K), (rj G 7~n{K) and 

IK*. = ||C* (n) + \\(n\\%, P 

< \\v\\lp(q) + Ms.* + \\Q% taB WvTlp 

■C II l|P 

where 

|C(x)-C(y)l 

IKIIb.,oo =sup — r——r s — 
x ¥^y i y\ 

and c ss 1 + (dist (SI' , f} c ))- fi . The proof follows. □ 

In the sequel we assume that q > q c and we take p = q' and s = 2/q. If K C $7, f2 is bounded 
and 77 G Tq(K), we set 

flMHVHMf + I^Hfo]]. (2.31) 
Lemma 2.10 There exists C = C(N, q) > suc/i i/iai /or every n G Tn(K) 

\H\% M < ff (R[v]) ql dxdt := \\R[ V ]\\* q , <C\\ V \\< 2M (2.32) 
Proof. Using (|2.23|) and Lemma 12.81 it follows from Corollary 12.71 that 



\\v\\% Vq y « // \m[v]\ q dxdt. 

Using the Gagliardo-Nirenberg inequality in W N , an elementary elliptic estimate and the fact 
that < M.[rj\ < 1, we see that 

\V(M[rj](.,t))\ 2q ' dx < C\\D 2 W[r,](.,t)f Lq , PMC,*)^ < C || AH[t,](, t)||£, , (2.33) 

for all t > 0. Since ^H[t/] = AH[r/], it implies J232J). □ 
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The dual space 

5-2/9.9 (ft) f £2/9,9'^) naturally endowed with the norm 

\\i4b-Vi'* = su p{M?7) ■ V G £ 2/(M '(ft), ||r/|| B2/M / < l| . 

The following result is may be already known, but we have not found it in the literature. 
If \i is a bounded measure in M. , we denote by H[/x] the solution of heat equation in Qoo with 
initial data \i. 

Lemma 2.11 Assume q > q c . For any T > 0, there exist a constant c > such that, for any 
bounded measure [i belonging to B~ 2 / q < q (R N ), there holds 

C 1 IHI.B-2/9, 9(RJV) < ||IH[^]|| L9( .q t ^ < c||/i|| B -2/ 9 ,q( IR JV- ) . (2.34) 

Furthermore, if q > q c there holds 

C 1 |l^ll_B-2/9,"J(IRiV) < HIH^I^^Q^) < c\\fJ,\\ B -2/q,q^ M N) + c\\n\\ m( ^ N y (2.35) 



Proof If fi G B- 2 /*<*(R N ), there exists a unique u G J B 2 - 2 /'?' < ?(lR Ar ) such that /i = (7— A)w, and 

||mIIb-2/9.9 ~ ll a; ll_B2-2/ 9 , 9 • Applying standard interpolation methods to the analytic semi-group 
e -t(/-A) = e -* e tA ( see e g p gjj) we obtairi) 



| t i/9(/_ A)H[w]| 9 dx 



-<^i\ 1/9 



\U)\ 



B 2-2/q,q 



(2.36) 



B -2/q,q- 



Clearly 



and 



-qT 



turnip] 



ax — < 



dx- 



~ qt dt 



oo „ „ 

£// 

n=0 J J 

oo 

£ 



Qr+n + l\QT+n 



t 1/q U[v] 



dx— 



~ qt dt 



n=0 



+ n)\ q e- q{s+n) ds 



< 



f oo \ r r 



i dt 

T' 



This implies (l2T32j) . Furthermore, |||]%](.,t)|[|£ a < r^ 1 '/ 2 ||/i||^, thus G 7 9 (Qoo) if 
q > q c (but this does not hold if g = q c ). If q > q c (equivalently N(q — l)/2 > 1), 
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dt 



Qoo ^ n=0 QT+n + l\Qr+n 



i , dt 
T 



= 11 \t l lm[ii]\ q dx— + f [ jr\U[fi}(s+n)\ q dxds 
J J Qt f J J Qr n=1 

<Jj \ t ym[^dx d l + c(f^n- N ^A 



Thus we obtain ([2~35|) . □ 
2.2 Global L 9 -estimates 

Let p > 0, we assume (j2.3|) holds. With the previous notations, T r , r +p(K) denotes the set of 
functions r/ G Cff(B r+p ), such that < n < 1 and value 1 on K. If r\ G % tP {K), we set 

rf = l-r] and ( = H[t ? *] v . 

Lemma 2.12 Assume u is a positive solution of (|2.ip in Qoo- There exists C = C(N,q) > 
such that for every T > and every compact set K C B r , 

u q (dxdt+ [ (u()(x,T)dx < C\\R[r]]\\ q ' Vr? G % »{K). (2.37) 
Proof. We recall that there always holds 

< u(x, t) < ( j^ZTYj ) V(x, t) G Qoo, (2.38) 

and 

< u(x,t) < ( ° V 1 V(x, t) G Qoo \B r xR, (2.39) 

\t + (|x| —ry J 

by the Brezis- Friedman estimate [7j. Since ??* vanishes in an open neighborhood A/i, for any 
open subset A/2 such that K C A/2 C U2 C Ai there exist C2 = > and C2 = > such 
that 

U[r]*}(x,t) < C 2 e-^, V(x,t) G Q^ 2 . 

Therefore 

lim / (u()(x, t)dx = 0. 
Thus C is an admissible test function and one has 

ff u q (dxdt+ f (u()(x,T)dx= ff u(d t ( + AQdxdt. (2.40) 
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Notice that the two terms on the left-hand side are nonnegative. Put M v * = M[rj*], then 

8tC + AC = 2q'M 2q '~ 1 (d t M, n * + AM V * ) + 2q'(2q' - 1)M^'- 2 | VM^* | 2 , 
= 2q'U 2 r] i- 1 (dtK v + AU V ) + 2q'(2q' - 1)M^'- 2 | VM^| 2 , 

because M v * = 1 — H„, hence 

u{d t C + AC) = uM 2 v i' /q \2q'{2q' - 1)IH^'" 2 " V/<? |VIH^| 2 - 2g / H 2 / ?'~ 1 ~ 29 ' / "(AIHI, ? + d t W v ) 
Finally, since 2q' - 2- 2q'/q = and < M v * < 1, there holds 

( [ u(dtC + A()dxdt <C(q)( ( [ u q (dxdt) '(ft R q '(n)dxdt) ' , 

J J Qt \J J Qt J \J J Qt / 

where 

R(rj) = \VU n \ 2 + \AU V + d t U v \ . 
Using Lemma 12.101 one obtains (|2.37p . □ 

Proposition 2.13 Under the assumptions of Lemma \2.12l let r > 0, p > 0, T > (r + p) 2 

£ r+p := {(x,t) : \x\ 2 + t < (r + p) 2 } 
and Q r+Pt T = Qt \ £r+p- There exists C = C(N,q,T) > such that 

If u q dxdt+ [ u(x,T)dx < C\\R{r)]\\ q ', V?y eT r , p (K). (2.41) 

J J Qr+p,T il" 

Proof. In view of Lemma [2. 121 we only have to show that there exists a positive constant c(N, q) 
such that, for rj as above and T > (r + p) 2 , 

C = Mr]* 2q ' >c(N,q). 

Since, by assumption K C B r , rf = 1 outside B r+p and < rf < 1, 



(-L 



H[»f](x,f)>]HI[l- x ,,_J(M) = ( — ) / e- — dy, 

J\y\>r+p 



\4lTt 



JV 

e~ n' dy. 



\y\<r+p 

For (x,t) G Q r +p,T, put x = (r + p)£, y = (r + p)w and i = (r + p) 2 r. Then (£,t) G Q 1 t 

' (r+p) 2 

and 

N N 
1 \T f _ k _ 2 £ / 1 U f IS-H 2 ., 

- — / e « = - — / e 4t rfu. 

47Ti/ J|y|<r+p V 47rT / J[«j<l 
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We claim that 



max 



e — —dv : (£,r) G Q 1 t \ = £, (2.42) 



4ttt J J\v\<\ ' (r+p)' 2 



for some £ = £(N, T^j^p ) G (0, 1], and £ is actually independent of ^j~p if this quantity is larger 
than 1. We recall that 



JV 

1 \ T 



4-7TT 



e — ~ dt> < 1 Vr > 0. (2.43) 

M<i 



If the maximum is achieved for some (£,t) G Q 1 t , it is smaller than 1 and 

' (r+p) 2 

M[»7*](x,t)>H[l-x Br+p ](a;,t)>l-^>0, V(x,t) G Q r +p,T- (2.44) 

Let us assume that the maximum is achieved following a sequence {(£n,T n )} with r n — > and 
|£ n | — >■ a > 1. Then 

1 \~* f \^-v\ 2 f i \i /• _Mi i 

e = / e 4T n dv < -. 



4nT n J J\ v \<i V 47rr n/ JB^n) ~ - 

To verify this, note that £>i(£ n ) n Bi(—^ n ) = 0, so that 

e iT ndv + e 4t « dv < I e 4t « < 1 

and 



e 4t " dv = e 4t ™ <i-u. 

Bl(£n) JBi(-t n ) 

If the supremum is achieved with a sequence {(£n,r n )} such that — )• oo, the same argument 
applies. Finally if is bounded but r n — > oo then the expression in (|2.43[) tends to zero. 
Therefore ([2^3]) holds. Put C = (1 - then 

ff u q dxdt+ f u(.,T)dx < C \\R[ri]\\* q , , (2.45) 

and P^TD follows. □ 

2.3 Pointwise estimates 

In this subsection u is a positive solution of (|2.ip in Qoo and the assumptions of Lemma 12.121 
hold. We first derive a rough pointwise estimate. 

Lemma 2.14 There exists a constant C = C(N,q) > such that, for any ij G Ti-JK), 

u(x,(r + 2p) 2 ) < Vl eK w (2.46) 

(p(r + p)) 2 
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Proof. We recall that 



[ [ u q dxdt+ [ u(x,T)dx= [ u(x,s)dx VT > s > 0, (2.47) 

Js JR N Jr n Jr n 



and 



/ u(.,s)dx<C\\R[r}]\\ q ', VT>s>(r + p) 2 , (2.48) 
by Proposition 12.131 Using the fact that 

— 

u(x, t + s) < M[u(., s)](x, t) < I - — I / u(.,s)dx, 



A 7TT , 

([2^6]) follows from ([2^8]) with s = (r + p) 2 and r = (r + 2p) 2 - (r + p) 2 « p(r + p). □ 

The above estimate does not take into account the fact that u(x,0) = if |x| > r. It is 
mainly interesting if |x| < r. In order to derive a sharper estimate which takes this fact into 
account, we need some lateral boundary estimates. 

Lemma 2.15 Let 7 > r + 2p and c > and either N = 1 or 2 and < t < C7 2 for some c > 0, 
or N > 3 and t > 0. Then, for any r] G %. p{K), there holds 



f* f udSdr<C^\\R[ri\f ,. (2.49) 



where C > depends on N, q and c if N = 1, 2 or depends only on N and q if N > 3. 

Proo/. First we assume iV = 1 or 2. Put G 7 := jB° x (— 00, 0) and dgG" 1 = dB y x (-00, 0). We 
set 



h^x) = 1-2. 



■>'\ 



and let ip~ be the solution of 



d T ^ + AV> 7 = in G 7 , 

V> 7 = on <^G 7 , (2.50) 
V> 7 (.,0) = /i 7 'mB*. 



Thus the function 
satisfies 



ip(x,r) = ip 7 (jx,j t) 

d t tp + Aip = in G 1 

$ = on diG 1 (2.51) 



and h(x) = 1 — \x\ 1 . By the maximum principle < ip < 1, and by Hopf Lemma 

: 9B lX [- c ,o] >#>0, (2.52) 



dip 
dn 
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where 6 = 9(N,c). Then < ip 7 < 1 and 

-^|aB 7 x[- 72 ,o]>^/7- (2-53) 
Multiplying (II, ip by ipj(x,T — t) = t/}*(x,r) and integrating on B^ x (0, i) yields to 

nu q ip*dxdr+ f (uh~)(x,t)dx - f f ^ibtdSdr = - [ [ ^^udadr. (2.54) 
J? J bo Jo JdB n dn 7 J J dBi dn 

Since ib* is bounded from above by 1, estimate (|2.49p follows from (|2.53p and Proposition 12.131 
(notice that x (0, t) C £?), first by taking t = T = 7 2 > (r + 2p) 2 , and then for any t < r y 2 . 

If N > 3, we proceed as above except that we take 

/ \ N-2 

h-v(x) = 1 — I — : 

V fI 

Then ip^,(x,t) = /i 7 (x) and # = iV — 2 is independent of the length of the time interval. This 
leads to the conclusion. □ 



Lemma 2.16 I- Let M, a > and r\ E L°°(R W ) such that 

< rj(x) < Me"* 12 a.e. in R N . (2.55) 

Then, for any t > 0, 

< M[r]}{x,t) < -e~^+^ Vx G R . (2.56) 

(4at + 1)~ 

//- Ze£ M, a,b>0 andn e L°°(R N ) such that 

< t/(z) < Me" a(|xhi,) + a.e. in R N . (2.57) 



Then, for any t > 0, 



/V/fg 4at + l 

< Ufa] (x, t) < — Vx G R , Vi > 0. (2.58) 

(4at + 1)T 



Proof. For the first statement, put a = jS. Then 



N 1 \x\ 2 N 

< r/(x) < M(4irs)- w e ~~ = C(4irs)-M[5 ](x, s) 

(Airs) 2 



By the order property of the heat kernel, 



N_ 

» .„ . . , / s \ 2 



0<U[n}{x,t) < M(4ns)^M[5 ](x,t + s) = M (j^—) e 4 (*+ s ) . 



17 



and (|2.56|) follows by replacing s by \a. 

For the second statement, let a < a and R = max{e a ^ r b ^+ +ar • r > o}. A direct computation 
gives R = e a ~' a , and (|2.58p implies 

aaiP' ~i |2 

< j][x) < Me^e" aW . 
Applying the statement I, we derive 

CJ P a — a a\x\ AJ 

< B[rj\(x, t) < w e~^+^ Vx G R , Vt > 0. (2.59) 

(4at + 1)- 

Since for any x G R w and i > 0, 

_N_ a|j:| 2 qqi 2 JV o(|a:|— 6) 2 

(4ai + 1) 2 e 4s*+i < e a - a (4ai + 1) 2 e 4 «*+ 1 , 
(|238jl follows from ([2J5SJ) . □ 

Lemma 2.17 There exists a constant C = C(N,q) > swc/t i/iai ; /or any 77 G T r)P {K), there 
holds 

( r + n \r\—r — 2n s \ (M-(r+2 P )) 2 , 

«(*, (r + 2p) 2 ) < Cmax| (N _ r + ^ )jV+1 , \j. + p)N J ) e"^^ [|flfo]||«, , (2.60) 

for any x G R^ \ B r+ ^ p . 

Proof. It is classical that the Dirichlet heat kernel H B ± in the complement of B\ satisfies, for 
some C = C(N) > 0, 

H B i(x',y',t',s') < C 7 (t' - sT {N+2)/ \W\ - l)e- l -i^ , (2.61) 

for tl > s' . By performing the change of variable x' 1— > (r + 2p)x' , t' 1— > (r + 2p) 2 t' , for any 
x£R N \ B r+2p and < t < T, one obtains 

ft r e ~T{A) 

u(x,t)<C(\x\-r-2p) / u (y jS )do-(y)ds. (2.62) 

i0 JdB r+2p (t - S) L+ ^ 

The right-hand side term in (|2.62p is smaller than 

max ^ ^ :se(0,t)W / u(y, s)da(y)ds. 

{ (t - s) i+ ~ J •/ JdB r+2p 



We fix £ = (r + 2/)) 2 and |x| > r + 3/). Since 



max < N 



S 1+ 2 



|x|-r-2^)- 2 ^max(^4:0<a<f^±^ ^ 
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a direct computation gives 



f e~i CT / r + 2p 

max < — : < a < 



A+ 



a 1 2 



(2iV + 4) i+ ^e 



x| — r — 2p 



l+f p -(N+2)/2 



if r + 3p < \x\ < (r + 2p)(l + \/4+"2lV), 



x — r 



_2p\ 



2+iV / N _ r _ 2p N2 



r + 2p J 

Thus there exists a constant C(N) > such that 



e V 2-+4p J if |x| > (r + 2p)(l + V4 + 2iV). 



max 



_ (\x\-r — 2p) z 

e 43 
S ^ 2 



: s G (0, (r + 2p) 2 ) I < C(iV> 



_, l*|-(r+2p) 



Combining this estimate with (|2.49p with 7 = r + 2p and (|2.62p . one derives (|2,60D , 



(2.63) 



□ 



Lemma 2.18 There exists a constant C = C(N,q) > such that 



< u{x, (r + 2p) 2 ) < C max 



(r + pf 



p{\x\-r-2p) N + 1 ' {r + p) N ~ l p 
for every x G 1^ \ B r+ 3 p . 

Proof. This is a direct consequence of the inequality 

( M-r-2 P \ 2 C(r + p) 2 _( W-r-3 P \ 2 

\ 2r+4p J < V C V 2r+4p J 



I x I — r — 3p 



+ 4 " / LR 



(|x| — r — 2p)e 
and Lemma 12,171 



< — — e 

P 



Vx g S, 



r+2p> 



(2.64) 



(2.65) 
□ 



Lemma 2.19 There exists a constant C = C(N,q) > such that, for any 77 G T r , p {K), the 
following estimate holds 



u(x, t) < 



(\x\-r-3 P y 

CMe 3* 

N 

t.- 



\R 



Vx G R N , Vt > (r + 2p)' z , 



Li' 



where 



M = M(x, r,p) = < 



1 + 

(r+p) 



N+3 



p{\x\-r-2p) N + 2 

1 + - 

P 



if \x\ < r + 3/9 

if r + 3p < \x\ < c* N (r + 2p) 

if \x\ > c* N (r + 2p) 



(2.66) 



(2.67) 



with c* N = 1 + V4 + 2iV. 
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Proof. It follows by the maximum principle 

u{x,t) < W[u(.,(r + 2p) 2 )]{x,t-{r + 2p) 2 ). 
for t > (r + 2p) 2 and x G R N . By Lemma |2"TT4l and Lemma [27151 

„ (M-r-3p) 2 , 

(r + 2p) 2 ) < C 10 Me ^? \\R[r,\\\ q , , 



where 



M = I 



((r + p)p) 



N 



(r+p) 



p yi x\-r-2p)) 
1 



N+2 



if \x\ < r + 3/) 
if r + 3p < |x| < c^(r + 2p) 
if M > c* N (r + 2p) 



I (r-+p) iv "V 

Applying Lemma 12.161 with a = (2r + 4p)~ 2 , b = r + 3p and i replaced by t — (r + 2p) 2 implies 



, , (r + 2p) JV M _ (M-r-3 P ) 2 / 
u(x,i)<C- £ e « 



JV 



(2.68) 
□ 



for all x G -B£+3 P and i > (r + 2p) 2 , which is (HTML 

The next estimate gives a precise upper bound for u when t is not bounded from below. 

Lemma 2.20 Assume that < t < (r + 2/o) 2 , i/ien i/iere exists a constant C = C(N,q) > 
such that the following estimate holds 



u(x,t) < C(r + p) max 



1 (\x\-r-3p) 2 , 



(2.69) 



v (N-r-2p)W^^ 
/or any (x, t) € \ £ r+3p x (0, (r + 2p) 2 ]. 

Proof. Thanks to (|2.49|) the following estimate is a straightforward variant of (|2.6U|) for any 

\x\ > r + 2p, 



u(x, t) < Cg(|a;| — r — 2p)(r + 2p) max < 



{\x\-r-2 P y 

e 4s 

S + 2 



:0< S <Ap[r ? ]f' / . (2.70) 



Clearly 



(\x\-r-2pY 

e 4s 
max < -fi : < s < t 



,1+ 



S ' 2 



(2iV + 4) 1+ t(| x | -r-2p) 



-JV-2 



JV+2 



(|3:|-r-2p) z 

e 4t 



1 _L « 



r ■-■ if < |x| < r + 2p + y/2t{N + 2) 
if |x| > r + 2p + v / 2t(iV + 2). 
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By elementary analysis, if x G B£ +3p , 

(\x\-r-2p) 2 

{\x\ — r — 2p)e 44 < e 
However, since 



,2 



pe a if 2t < p 

2t 2 

— e~ 1+ 4F if p 2 < 2i < 2(r + 2p) 2 . 
P 



P -bL 4 
-e « < - 

t ~ P 



we derive 

.. . . (\x\-r-2p) 2 Ct (M-r-Sp) 2 

(\x\—r — 2p)e a < — e « 

and (I2T69D follows. □ 

Remark. In the subcritical case 1 < g < g c , it is easy to show by using Lemma 12.201 that any 
positive solution u of (|2.ip . such that u(x, 0) = for x ^ 0, satisfies 

u(x,t) < C^^minjl, ("^Q " * e _J ^~j V(x, i) G Qoo. (2.71) 

This upper estimate corresponds to the one obtained in [SJ. If F = B r the upper estimate is less 
esthetic. However, it is proved in |28j by a barrier method that, if the initial trace of positive 
solution u of (|2.ip . vanishes outside F, and if 1 < q < 3, there holds 



u(x,t) <t ^h({\x\-r)/yTt) y(x,t) eQoo, \x\>r, (2.72) 
where / = f\ is the unique positive (and radial) solution of 

/" + lf + f _ fg = in(0,oo) 

J 2 J g-l-' ^ V ; (2.73) 
/'(0) = 0, lim 2/ _, oo | 2 /|i^/( 2 /) = 0. 

Notice that the existence of /i follows from [8] since q belongs to the subcritical range on 
exponents in dimension one. Furthermore /i has the following asymptotic expansion 

f x {y) = Cy( 3 - q V( q -Ve- y2 / 4t (l + o(l))) as y -> oo. 
2.4 The upper Wiener test 



Definition 2.21 We define on M. x M the two parabolic distances 62 and <5oo by 



6 2 [(x, t), (y, s)] := yf\x - y\ 2 + \t - s\, (2.74) 

and 

$oo[(x,t),(y,s)] := max{|x - y\, y/\t - s\}. (2.75) 
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If if C R N and i = 2,oo, 

max |dist (x, if), \/\t\\ if i = oo, 



(SiKx.t),^] = mf{6i[(x,t),(y,0)] : y G if} 



v /dist 2 (x,if) + |t| if i = 2. 



For /3 > and i = 2, oo, we denote by Bp(m) the parabolic ball of center m = (x, i) and radius 
/3 in the parabolic distance <5j. 

Let if be any compact subset of WL N and the maximal solution of (jl.lj) which blows up 
on if. The function m^- is constructed in [28] as being the decreasing limit of the uk c (e > 0) 
when e — t- 0, where 

if e = {x G R N : dist (x, if) < e} 
and UK t = limfc^oo Uk,K e = uk, where u k is the solution of the classical problem, 

d t u k - Au k + u q k = in Q T , 

u k = on deQr, (2.76) 

u k (.,0)=kx Ke ™R N . 

If (x,t) = m G R N x (0, T], we set (i^ = dist (x, if), Dk = max{|x — y\ : y G if} and 



A = \Jd 2 K + t = 52[m,K]. We define a slicing of if, by setting d n = d n (K,t) := \fnt (n G N), 
= (y/nt ± — (the positive part is only needed when n = 0) and 

T n * = S d+ (x) \ S (x) , T n = B dn+1 (x)\B dn (x), Vn G N, 

thus Tq = i? 2v ^(x), T = B^(x), and 

if„(x,i) = if nT„(s,t) for n G N and Q n (x,t) = if D B dn+1 (x,t). 

When there is no ambiguity, we will skip the (x, t) variable in the above sets. The main result 
of this section is the following discrete upper Wiener-type estimate. 

Theorem 2.22 Assume q > q c . Then there exists C = C(N,q,T) > such that 

C at N 2 ( K \ 

u K (x,t) < — Y^d^r'e-^Cy^, —5- V(x,t) G Qt, (2.77) 

t~n=0 \dn+lj 

where a t is the largest integer j such that Kj ^ 0. 

With no loss of generality, we can assume that x = 0. Furthermore, in considering the scaling 
transformation ue(y,t) = ^i 31 u(yly , it) , with I > 0, we can assume t = 1. Thus the new 
compact singular set of the initial trace becomes K/y/i, that we still denote if. We also set 
a K = a K , For n G N* set 8 n = d n+ \ — d n , then , 1 < 5 n < tt-j=- By convention 5q = 1. It 
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is possible to exhibit a collection n of points a n j with center on the sphere £„ = {y G : 
|y| = (d n +i + d n )/2}, such that 



T n C [J B Sn (a n>j ), \a n j - a n)k \ > S n and #9 n < Cn 

71 

for some constant C = C{N). If -fC nj - = K n n Bs n (a n j), there holds 



JV-l 



* = U |J *» 

0<n<a K a niJ e6 n 



The first intermediate step is based on the quasi- additivity property of capacities developed 
in ®. 

Lemma 2.23 Let q > q c . There exists a constant C = C(N,q) such that 

£ R^^HK^KCC:^^^^ Vn G N*. (2.78) 

Proof. The following result is proved in (2j Th 3]: if the spheres B p e(bj), 9 = 1 — 2/N(q — 1), are 

disjoint in ~R N and G is an analytic subset of \jB Pj (bj) where the pj are positive and smaller 
than some p* > 0, there holds 

C 2/g ,A G ) < T,C 2M (Gn B^)) < AC 2/m ,(G), (2.79) 

3 

for some A depending on N, q and p*. This property is called quasi- additivity. We define for 

n G N*, 

T n = d n+ iT n , K n = d n+ \K n and Q n = d n+ \Q n . 
Since i^ raj - C Bg n (a n> j), it follows that 

K n ,j '■= d n +iK n j C Bd n+1 s n (d n j). 

Note that by Lemma 12.91 

a 2/q,q' K-^nJ) ~ «n+l ^2/9,9' l-^njj 
2 



— N 

dn+1 C 2 / q , q >(K n j) 



where K n j = d n+ iK n j. For a fixed n > and each repartition A of points 5 n j = d n+ \ a n j such 
that the balls B 2 e(d n j) are disjoint, the quasi-additivity property holds: if we set 

K n ,A = [J K n> j , K n ,\ = d n+ i K n> A = [J K n j and K n = d n+ \ K n , 
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then 

E C 2/q,q'(K n> j) « C 2 / qjq >(K n>A ). (2.81) 
a nj eA 

The maximal cardinal of any such repartition A is of the order of Cn N ~ l for some positive 
constant C = C(N), therefore, the number of repartitions needed for a full covering of the set 
T n is of finite order depending upon the dimension. Because K n is the union of the K n ^\, 

E C2/q,q'(K n ,j) = ^ ^ C 2 / q: q'(Kn,j) ~ C 2 / q ^ q i{K n ). (2.82) 

n 



By Lemma 12.9^ 

<w*„) < c^? 1 ^) - Cr 1 ^, (£^) - Cr*c*M (£f^) > 

we obtain (|2.78j) by combining this last inequality with (|2.80p and (|2.82[) . □ 
Proof of Theorem \2.22i Step 1. We first notice that 

uk< E ( 2 - 83 ) 

0<n<a K o„j£9„ 

Actually, since K = [J n Ua n s j f° r an y < e' < e, there holds K e > C \J n [J an K n j e . Because 
a finite sum of positive solutions of (jl.ip is a super solution, 

^ ^ E E ( 2 - 84 ) 

0<n<a K O n ,j6@n 

Letting successively e' and e go to implies (|2.83p . 

Step 2. Let n G N. Since K n j C Bg n (a nt j) and |x — a nj | = (d n + d n +i)/2, we can apply the 
previous lemmas with r = 5 n and p = r. For n > n^r, there holds i = 1 > (r + 2p) 2 = 9/(n + 1) 
and |s — a n j\ = (y/n + 1 — y/n)/2 > (2 + Cjv)(3/V^+ 1) (notice that un > 8). Thus 

u^,(0,l) < Ce(^ 3 /^) 2 / 4 ^, (a "- ) (^ J ) < Ce^e-ii?^"- ^). (2-85) 

Using Lemma 12.231 we obtain, with d n = d n (l) = \/n + 1 

K K N 2_ / K \ 

E E X ) ^ C E d n+ r X ^C 2M Ij^j- (2-86) 

Finally, we apply Lemma 12.141 if 1 < n < n and get 



"JV- 1 n N- 1 / K N 

E E ^(o,i)<c£c 2/M ,(^ 

i « nj ee„ l v n+1/ 

s <r E (£) 



(2.87) 
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For n = 0, we proceed similarly, in splitting K\ in a finite number of Kn, depending only on 
the dimension, such that diamiTi^ < 1/3. Combining f|2.86j) and (|2.87p . we derive 



^(0,1) < cf^Cr 1 *-*^ • (2.8 



n=0 

In order to derive the same result for any t > 0, we notice that 

i _ 

u K (y,t)=t i^u K/v r t {y/\/t,l). 

Going back to the definition of d n = d n {K,t) = \/rrt = d n (K\/t, 1), we derive from f|2.88|> and 
the fact that a„.=a „ 



u K (0,t) < Ct-^Y^^e-^C 2M , (2.89) 



n=0 



with d n = d n {t) = \J t{n + 1) . This is ()2.77j) with x = 0, and a space translation leads to the 
final result. □ 

Proof of Theorem \2.1\ Let m > and F m = F n B m . We denote by Ub^ the maximal solution 
of (jl.ip in Qoo the initial trace of which vanishes on B m . Such a solution is actually the unique 
solution of (12. ip which satisfies 

lim u(x, t) = oo 
t->o 

uniformly on -B™/, for any m' > m: this can be easily proved by noticing that 

U B c m t(y,t)=£^U B cjVly,£t) = U Bl/vi (y,t). 

Furthermore 

2_ „ 

lim Ub c (y,t) = lim m q ~ 1 UB c (y /m,t/m ) = 

uniformly on any compact subset of Q^. Since UF m + ^Zb c is a super-solution, it is larger that 
up and therefore f up. Because WV m (x,t) < Wp(x,t) and < CiWF m (a;,f), the result 
follows. □ 

Remark. It is clear that Theorem 12 . 1 1 still holds if u is a positive subsolution of (jl.ip satisfying 
the initial trace condition (jl.2ip . 

Theorem 12.11 admits the following integral expression. 

Theorem 2.24 Assume q > q c . Then there exists a positive constant C* = C*(N,q,T) such 
that, for any closed subset F o/R , there holds 

u F (x,t) < -^wj^ e-^s N ~—C 2M ^-FnB 1 {x)j sds, (2.90) 

where at = min{n : F C B ^/ n+1 ^ t (x)} . 
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Proof. We first use 
and we denote 

*(*) = C 2/m / ( j n Bi^j Vs > 0. (2.91) 
Step 1. The following inequality holds 

ci$(as) < < c 2 $(/3s) Vs > 0, Vl/2 < a < 1 < p < 2, (2.92) 
for some positive constants ci, c 2 depending on N and g. See [1] and [32]. If /3 G [1,2], 

If a € [1/2,1], 

*(as) = C* 2/(M , Q nB tt JJ« C 2/m , n < c 2 $(s). 
S'iep «. By (jXgg) 

and n < a t . Then 

C2 [ d " +2 s N -^e- s2 / 4t C 2M (-HB,) sds 

Jdn+l V s / 

\a n +i /Jdn+l 

Using the fact that ./V — -pj > 0, we get, 

s w 9 -i e -ir S( i s > e -— d n+1 «- 1 (d n+2 -d n+1 ) (2.93) 

Tl+1 

t N 2- 

J 9-1 . 

4e 2 



>— (2.94) 



Thus 



C fV%+ 2 ) N 2 s 2 /1 \ 

BjKM) < -fTw / s ^e-«C 2 w -FnBj sds, (2.95) 

which ends the proof. □ 
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3 Estimate from below 

If fi G Wl q + (R N ) n Tl b (R N ), we denote by = the solution of 

f d t Uu - Aun + ul = in Q T , 

< 3.1) 
[ n^(.,0)=/i inR^. 

The maximal c-moderate solution of (jl.ip which has an initial trace vanishing outside a closed 
set F is defined by 

u F = sup Wl q + (R N ) n Wl b (R N ) , /i(F c ) = o} . (3.2) 
The main result of this section is the next one 

Theorem 3.1 Assume q > q c . There exists a constant C2 = C2(N,q,T) > such that, for any 
closed subset F C R N , there holds 

u F {x,t) > C 2 W F {x,t) \f(x,t) G Q T . (3.3) 

We first assume that F is compact, and we denote it by K. The first observation is that if 
IX G Tf + (R N ), Up G L q (Q T ) (see lemma below) and < < M\p] := H^. Therefore 

Ufl > U\p] - G [H[H 9 ] , (3.4) 

where G is the parabolic Green potential in Qt defined by 



G[f](t)= [ t M[f( S )}(t-s)ds 
Jo 



/ / H(.,y,t - s)f(y,s)dyds. 
Jo Jr n 



The main idea of the proof is as follows. For any (x,t) G Qt, construct a measure fj, = 
H(x,t) G 371^. (R^) such that there holds 

> CW K (x,t) V(x,t) G Q T , (3.5) 

and 

G(i[H) ? <CH[/(] inQ T , (3.6) 

_ 1 

with constants C depends only on N, q, and T. Then replace by /j, e = e/j, with e = (2C) 9-1 
in order to derive 

u„ e > 2- 1 M„ 6 > 2- 1 CW K . (3.7) 

From this follows 

u K > 2~ 1 IHL j£ > 2~ 1 CW K . (3.8) 

and the proof of Theorem 13.11 with C2 = 2~ l C . In the following sections we describe the 
construction of measures /j,(x,t) satisfying (|3.5p and (|3.6p . 
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£ 2 .-(mUtf 2 , Jm) ifra<0, 



3.1 Estimate from below of the solution of the heat equation 

The purely spatial slicing used is the trace on R N x {0} of an extended slicing in Qt which is 
constructed as follows: if K is a compact subset of M N , m = (x,t), we define dx, A, d n and at 
as in Section 2.3. Let a G (0, 1) to be fixed later on, we define T n for n G Z by 

fi 2 r - r (m)\BV(ml ifn>l, 

r„ 

and put 

7;* = 7; n {s : < s < t}, for n G Z. 

We recall that for n G N*, 

Q n = if n B 2 ^—j(m) = KHB dn (x) 

and 

K n = k n 7^.1 = K n (x) \ B dn (*)) . 

Let i/ n G 9tt* (R^) n ^-^^(R^) be the q-capacitary measure of the set K n /d n+1 . See [H Sec. 
2.2]. Such a measure has support in K n /d n+ \ and 

v n {Kn/dn+\) = C 2 / q ^{K n /d n+ i) and || ^1^-2/,, q'mN) = {C 2/m> {K n /d n+1 )Y lq . (3.9) 
We define \x n as follows 

AT 2_ 

/x n (A) = <i n+1 «- 1 i/„(A/d rH _ 1 ) WL C K n , A Borel , (3.10) 

and set 

at 

tM,K = (Mi, 

n=0 

and 

at 
n=0 



Proposition 3.2 Let g > q c , then there holds 

1 y 

(4vrt)T^ 

in R^ x (0,T). 
Proof. Since 



> — — ^£ z-^d"~r 1 C2/ m >(-r^-) , (3.12) 



■WOM) = 7— r / e 4 * d Mn, (3-13) 



(47Tt)^" 



and 



y e K n => |x - y| < d n+ i, 
(l3TT2jl follows because of (CPU and rf3TTT|) . □ 
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3.2 Estimate from above of the nonlinear term 

We write ()3.4p under the form 



up(x,t) > / / H{x,y,t 

nez Jo JrN 

= h- h. 

since p n = if n ^ Ak = Nfl [1, at], and 



dyds 



h 



1 



(47r) 2 Jo 
(47r)^" 

for some I £ N* to be fixed later on, where 



JV l^-wl 

(t-s)~~e 4 ('- s ) 



dyds 



JV I as — a/ 1 

Te 4(t- S ) 



pez ,/ " V 



and 



J i = E// (*-«)" T ^ 



n>p+£ 



dyds, 



dyds. 



(3.14) 



(3.15) 



The next estimate will be used several times in the sequel. 
Lemma 3.3 Let < a < b and t > 0, then, 



1 I 

> = 



( _ _ a 
t 2 e 4 



y 9 , I A 

max < a e ^ :0<a<t, at < + a <bt> = ei < 



si-, \ — ^ 
J{p,(j) = a 2 e 4 CT 



27V\ 2 _jv 
. e 2 

at 



Proof. Set 
and 



^ 2N ~ 



1C a ,b,t = {(p,o) e [0,oo) x (0,t] : at < p 2 + a < bt} . 

We first notice that, for fixed a, the maximum of J{.,a) is achieved for p minimal. If a E [at, bt] 
the minimal value of p is 0, while if a G (0, at), the minimum of p is \J at — s. 

- Assume first a > 1, then J{\Jat — a, a) = e^a~~ 'e~^ . Thus if 1 < a/2N, the minimal value 

Of J(y/dJ — o~, a) is e * (~r) 2 > while if a/2N < 1 < a, the minimum is e4t 2 e 4. 
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Assume now a < 1. Then 



max{ l 7(p, a) : (p, cr) G /C a fe t } = max < max ,7(0, a), max J(\fat 

{a&(at,i\ a£(0,at] 



cr,a, 



max < (at) 2 j e 4 I — — I 
2iV\^ 



Combining these two estimates, we derive the result. 



□ 



Remark. The following variant of Lemma 13.31 will be useful in the sequel: For any 9 > 1/2N 
there holds 



m&x{J(p,a) : (p, a) G JC(a, b, t)} < e± ( —j— J e * if 6a > 1. 



2iV6>\ 



(3.16) 



Lemma 3.4 There exists a positive constant C = C(N,£,q) such that 

4 < erf Et FI ^ (1+M)+)/4 e 2/M , 



n=l 



(3.17) 



Proof. The set of the p's for the summation in Ji is reduced to Z n [— •£ + 2, oo), thus we write 

Je = Ji,e + J%,t 

where 



« ,. \x-y\ 2 

E / / (t- s)~^e~^=^ 
p =2-r J t p 



n<p+£ 



and 

Ep = 2- £,..., 0, 
and, if p > 1 



(y, S )e7;^ ta 2_2p < \x - y\ 2 + 1 - s < ta~ 2p , 



(y, s) G 7^ pt < \x - y\ z + t - s < (p + l)t. 
By Lemma [HTH1 and (|3.16p . there exists C = C(N,£,a) > such that 



N \ X -V 



max <^ (t - s)~^e : (y, s) G > < Ct'^e 



N 2-2 P/4 



(3.18) 
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if p = 2 — £, . . . , 0, and 

f JV l_ _ I \ , 

max I (t - s)~^e : (y, s) £ 7^ | < ft"e- p/4 , 

if p > 1. When p = 2 -£,... ,0 



(3.19) 



E M ^(y,s) 



for some (7 = C(l, q) > 0, thus 

Jl,£ < Ct-T ^ 



1 p+l-l 



(3.20) 



o 



J2-2p 



E pwi 



q 



e * 

p=2-^ n=l 
£-1 

L"(Qt) > ' 



n=l p=n— l+l 



2-2p 



(3.21) 



< Ct~^e ^Ell M 



MnllL9(Q t ) • 



n=l 



If the set of p's is not upper bounded, we introduce some parameter 5 > to be made precise 
later on. Then 



-p+i-l 

E H ^(y> s ) 



- <? 




< 


E 

. l 



q/q' 



p+l-x 



E5qn 



(3.22) 



with q' = q/(q — l). If, by convention p n = whenever n > at, we obtain, for some C > which 
depends also on 5, 



j u < ct-^E e 



oo p+£— 1 

E e 4 H M MnllL(Q t ) 
p=l n=l 



oo 

<c^Eii h m»i 



q 

LHQt) 



8qn 

e * 



oo 



n=l 



E 

p=(n-£+l)Vl 



i(p+£-l)g-p 

e 4 



(3.23) 



l+(n-l) + 



< ct-T E e_ ^~^ P. "'' 



MnllL9(Q t ) 



n=l 



Notice that we choose 5 such that <5£g < 1. Combining (|3,2ip and (|3.23p . we derive (|3.17p from 
Lemma EUl and (T37TUT) . □ 



The set of indices p for which the p n terms are not zero in is Z n (— oo, a t 



We write 
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where 



and 



J U= E / / 



JV I as — a/ 1 

Te 4 ('- s ) 



p=— oo" " 7p* 



J 2/=E// (t-s)-^e-W^) 



E H ^(f>- 

n =lVp+f 



E 



dyds, 

q 

dyds. 



Lemma 3.5 There exists a constant C = C(N,q,£) > such that 

at 



n=0 



2/9,9' V d 



Kn 



hi+1 



(3.24) 



where /3 = (q — l)/4 and /i = 2g(o + l)/(g - l) 2 . 
Proof. Since 

(y,s) £T p *, and (z,0) e => \y - z\ > {^-cT p )y/i, 

there holds 

_JV (V7i-a-P) 2 t _JV (V^-g-P) 2 

< (4vrs) 2 e 4 S fi n (K n ) < Ct ^e 4 fi n {K n ), 
by Lemma [3731 Let {e n } be a sequence of positive numbers such that 

oo 

A e = E £ « < °°« 



(3.25) 



71=1 



then 



j[ A < cA^'t-^ y: 



p=—oo 
oo 



<CAl /q 't-^^2en q ^(Kn) £ e 

71=1 — OO 

oo „ 

<CAl'*t 2 2^f n V»(^)e 4 



I ,2 OO 
JV \*-v\ \ -« 

(t-s)-Te 4 (t - 3 ) ^ £n 

n=lV(p+^) 

p=0A(n-£) 

g (v^- Q -P) 2 



y e 9 4 n q n (K n )dsdy 



(t-s) T e ^-^dsdy 



(3.26) 



71=1 
OO 



{U p <o7^*} 



jv _ l^-wl 
(i — s)~~2~e ^-^dsdy 



<CAT t 1 -^^e-V^(ifn)e- 



4 



78=1 



Set = 2g(g + l)/(g - l) 2 and Q = (1 +g)/2, then g(\/n- l) 2 > Q(n - h)+ for any n > 1. If 

( g _l)(„_h) + g(y^:-l) 2 (g+3)(n-fe) + 



we choose e n = e 16 « , there holds e n e t < e 



'. Finally 



i — ' k (l+/3o)(™-'») + 

^ < C*-*Yf 4 MK n ), 

n=l 
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with (3q = (q — l)/4, which yields to (|3.24p by the choice of the fi n . □ 

In order to make easier the obtention of the estimate of the term J' 2 we first give the proof 
in dimension 1. 

Lemma 3.6 Assume N = 1 and £ is an integer larger than 1. There exists a positive constant 
C = C(q, I) > such that 

at q-3 / K \ 



Proof. If (y, s) 6 71* and z G (p > 1, n > p = £) , there holds \x — y\ > \[t^fp and 
\y — z\ > Vt(y/n — \Jp + 1). Therefore 

at— £ 1 I a t 2 

If e E (0, q) is some positive parameter which will be made more precise later on, there holds 



,n=p+£ 

q/q' 



at _ , , \ at 



< 



by Holder's inequality. By comparison between series and integrals and using Gauss integral 



at 



E_ en , Wn-y/p+Tft rfT / (v^-y / FFT) 2 * 
e 9 4 S < e q 4 S ckc 

n=p+£ 



/OO , 2 
e _12 4^(a; + v / pTT)da; 

4s „/ (VFg-VFFT) 2 * „ , f°° tg'x 2 t , 

— -e" e9 s + 2Jp + 11 e ~dx 

eq't 



p+e-Vp+i 



<£71 /(P + 1)- 



If we set q e = q — e, then 

J^<Ce-^-i £ u*(K n )Yj>'? f (t- sT^s-^e-^e- ^"^ ' ds. 
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where C = C(e, q) > 0. Since 



i/o i/r. P f (iA>-VP+l ) t 

(t _ g)~l/2^~l/2 e -4(I^) e -9 t (V r 



(1 _ s) -l/2 s -l/2 e -^ e ~ ge ^-f^ ^ 



we can apply Lemma lA.ll with a = 1/2, 6 = 1/2, A = ^Jp and £? = y/ql{\/n — \Jp + 1)- In this 



range of indices B > y / ^(v / P+~^ — VP + 1) — ^ , thus k = ^fq~ t {t — 1) and 



SI^JjLl < pln- 1 ' 2 ^ - Jp)^ 
\l A + B\ A + B ~ F VV 



Therefore 

/ (t- s ~ 1/2 s~2e 4 (t - s)e -9 c ds < v _ v — e * , 3.28) 

Jo V" 

which implies 

Ae ^ Ct 2 Z-> — 7^Z^ P (v» - Vp) 7 e 4 i ( 3 - 29 ) 

n=£+l v p=l 

where C depends of e, q and £. By Lemma [A. 2 1 

at 

At ^ Ctl " 2 E (3-30) 



n=£+l 



— / K \ 

Because [i n (K n ) = d^ 1 C 2 / g , q i I - ) (remember N = 1) and diam ^p 2 - < n _1 , there holds 

<(iT n )<C^y Mn (if n ) = C^V d^\C 2/m ,{K n /d n+l ) (3.31) 

and inequality (|3.27p follows. □ 

Next we give the general proof. For this task we will use again the quasi-additivity with 
separated partitions. 

Lemma 3.7 Assume N > 2 and £ is an integer larger than 1. There exists a positive constant 
Ci = d(q, N,£) > such that 



At < C 1 r-Y / e--d n+ r 1 C 2M (3-32) 
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Proof. As in the proof of Theorem 12.22} we know that there exists a finite number J, de- 
pending only on the dimension N, of separated sub-partitions {#&tn}h=i °^ the ^scaled sets 

T n by the iV-dim balls i?2(on,j) where a n j = " +l 1 1 " ' 



n+1 
t 



^±ifl ■ 1 17 'I 



and 



ctn.fel > v/^FT • Furthermore #0^ n < CVi^" 1 . We denote iT n j = K n D B rj^(a n ,j)- 



n+l 



We write ^ n =^J/i(j, and accordingly =^"^2 1 , where fi^ = Mnj, and /%j are the 

h=i h=l je Qh n 

capacitary measures of K n j relative to B n j = B et ^ 5 ^rfi(a n , j), which means 



v n ,j(K nJ ) = C^AKnj) and \\v n 



^/q,q 



,j\\ W -2/ q ,q>( Bnij ) 



Thus 



at-i 

J 2,£ = E 
p=l 



N \ X ~V\ 

(t - s)"e 4 ('- s ) 



7? 



oo J 



E E E*W^) 

i= p+ e h=i jee t h n 



1/9 

dyds. 



(3.33) 



We denote 



<h- 



J 'VL - E 
P =i 



(t-s)~^e 



E E M ^^ s ) 



dyds, 



and clearly 



— CE^2/' 



(3.34) 



where C depends only on TV and q. For integers n and p such that n > £ + 1, we set 
K,j,y = mf{|y - z\ : z € S./t/^+iKj)} = I?/ - Gn,j| - ^/=y- 



Therefore 

at 

E 



|y-z| z , 

e 4, 



EE/ 



e 4 S 



d/j, n j(z) 



( 



W 



1/9 



< 



Of 



E E 



-eg 



\n=p+t j& Qh n 

where e > will be made precise later on. 
Step 1 We claim that 



at 



E E e~ qXl ^ K^nj) 



x2 



n=p+Eje0t,n 



(3.35) 
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where C depends on e, q and N. If y is fixed in T p , we denote by z y the point of T n which solves 
\y - z y \ = dist (y, T n ). Thus 

\/i(\/n - yjp + 1) < \y - z y \ < t(y/n - y/p). 

Let Y = y^Jt(p+ 1)/ |y|. On the axis we set e = Y/ \Y\, consider the points 6^ = (k\/t/y/n)e 
where — n < k < n and denote by G n ^ the spherical shell obtained by intersecting the spherical 
shell T n with the domain H n ^ which is the set of points in limited by the hyperplanes 
orthogonal to 0Y going through ((& + l)y/i/y/n)e and ((k — l)-\/i/y/n)e. The number of points 
a n j G G n! k is smaller than C{n + 1 — j^D^" 2 , where C depends only on N, and we denote by 
A„ 5 fc the set of j e &t,n such that a n j G G„ ; fc. Furthermore, if a n j G G ni jt elementary geometric 
considerations (Pythagora's theorem) imply that A 2 ■ is greater than i(n+p+l— + 1/y/n). 
Therefore 

Q * A 2 . a t n e 9'(n+p+l-2fcV?+T/)i 

g J] e -^<C^ ^( n+ l_|fe|)iV-2 e -^ ^ L {3M) 

n=p+£ j£&t,n n=p+£k=—n 

Case N = 2. Summing a geometric series and using the inequality -^—j < 1 + W 1 for u > 0, 
we obtain 

n ,, , . , tg'tVpTT 

\ g 2sv^ < g 2s ■ 

Z / eq't^/p+L i 

k=-n e 2s ^ (3.37) 

e q'ty/n(p+l) / 2Sy/u 



< e 2i 1 + 



Thus, by comparison between series and integrals, 

at ,r x 2 at / r—\ . ^_ 2 



n=p+£j&Qt,n n=p+£ 

pOO 

lp+1 



ty/p 



e 4s 



KCT e- ^'^' dx (3-38) 



+ — — / Jxe is dx. 

tyJPJp+l 



Next 



00 ^ / (v^-v^+r) 2 i f 00 eg'ty-v^FFT) 2 * , 

e 4s ax = 2 e 4s ydy 

p+1 JVp+T 

00 «„'..2-« Z" 00 «„'..2j 



pOO i 2 t poo I 2 t 

2 e~ tJ! Ts-ydy + 2y/p~+T J e-^^dy (3.39) 
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and 



_ eg / (yS- v ^TT) 2 t f°° eg\y-VpTr) 2 t 

Vie 4s dx = 2 I e ^ y ray 



p+i JJp+l 

poo ^ , _ ( 

= 2/ e" £2 4i-(y + VpTT) 2 dy 

< 4 / e 4 S y^dy + 4(p + 1) / e * s rfy 
io Vo 

<4 - / e ~z 2 dz + A{p+l)J- e a^cfa 



Jointly with f|3.38|) . these inequalities imply 







£ <CM. (3.41) 

n=p+£j&G t , n 

Case N > 2. Because the value of the right-hand side of (|3.36|) is an increasing value of N, it is 
sufficient to prove (|3.35p when N is even, say (A r -2)/2 = dGN». There holds 



1 (k^p+t)t n eq'(k-/p+T)t 



^2 (n + 1 - \k\) d e 2fl v^ < 2^(n + 1 - k) d e . (3.42) 

k=—n k=0 

We set 

a = e /^t 1 ^ = y + 1 _ 
2s ^ fro 

Since 



e (fc+l)a _ e ka 



e 



e a -I 

we use Abel's transform to obtain 



a — I e ( n+1 ) Q - (n + l) d + ((n + 2 - k f - (n + I - k) d ) e ka 

V k=l 

^(1 - d)e { - n+1 ^ a - (n + l) d + de a ^ ((n + 1 - fc)^ 1 ) e fec ^ 



Therefore the following induction holds 



de a 

Id < ^/w. (3.43) 



In (|3,37p . we have already used the fact that 



e a - 1 ~ V 
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and 

d+l x 

I d <C 1 + 



S\ n 



Thus (|3.38p is replaced by 



<\' 2 <H / / r~\ d+1 



£ S>-^"sc£ 1+ 

n=p+£j&Qt,n n=p+l \ 



Sy/n\ \ tq'(V^-s/pTT) 2 t 



< C e 4 S dx 



p+i 



Ip+l 

(3.44) 

The first integral on the right-hand side has already been estimated in (|3.39p . for the second 
integral, there holds 



f 00 eq'(^/x — y/ p+1 ) 2 t f°° e ' 2 i 

/ ^d+l)^^^ / + 

Jp+l Jo 

<C y d+2 e' tJ! T^dy + Cp 1+ 2 I e~ eJL ^dy 
Jo Jo 



_ /S\3/2 d [^ cq > z 2 

+ C - p 1+ 2 / e ~ cfe. 



(3.45) 



Combining (|3~39j) . (l3~44jl and (l3~45l) . we derive (COBl . 

S'tep 5. Since T* C T p x [0,t] where F p = B dp+1 (x) \ B dp ^ 1 (x), (y,s) G T* implies that 
\x — y\ 2 > {p — l)t, thus J' 2 \ satisfies 



at 



4 h e < ct^Y^p* / (t-sy^s-^- 1 ^/^-^ 



X 



^ e ^ q nj (K nd )dsdy 

n=p+e je@ h 



(3.46) 



n— t 

x))x / / (t - s )-f s -^N-l)+m e -\ X ~y\VHt-s) e - ^^ ' dsdy 

p =i Jo Jr p 

and the constant C depends on N, q and e. Next we set q e = (1 — e)q. Writting 

b - Onj| 2 = |x - y| 2 + \x- a n j\ 2 - 2(y - x,a n j - x) > pt + \x - a n j\ 2 - 2(y - x,a n j - x), 
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we get 



2 



j c . -dy = e- "^ 4°H [ t(P+1) e- 3 ^ f e 2q ^ y - x > a ^- x ^ 4s dS r (y)dr. 

Jv p J y/tp J\x—y\=r 

For estimating the value of the spherical integral, we can assume that a n j—x = (0, . . . , 0, \a n ,j — x\). 
y = (yi, . . . , yjy) and, using spherical coordinates with center at x, that the unit sphere has the 
representation S N ~ X = { (sin <f>.a, cos <j>) G R N ^ X x E : a G S N ~ 2 , (j) £ [0,7r]}. With this repre- 
sentation, dS r = r N_1 sin^ -2 (f>d(f>da and (y — x, a n j — x) = \a n j — x\\y — x\ cos <ft. Therefore 



/ 

J X 



(ti — t. n -—t.\ Q-n r; —x\r cos d> 

T dS r (y)=r N - 1 \S N ~ 2 \ / e 2 ^ ' ~ J sin^ 2 



'\x—y\=r JO 

By Lemma lA.31 



N-l p 2q e 1 n ' 3 



" ' 



f ds r (y) <c- ^ 

J\*-V\=r f 1 + ±]hi -x\\ 2 (3 47) 



JV-1 i i 

N—l ( T \ 2 o r | a n,j — 



<C^f , '_ ) e 2 * 



Therefore 



jV-1 (\<*n,j- x \-V t (P+ r ) ) 



4s 



2 



e qt 4 S dy < Ct * p i — , {6.48) 

r p \a„ i — x\ 2 



and, since \a n j — x\ > s/tn, 



(t - syfs-^-V+We-^e-^^dyds 



^\tP 4 / / ^ N ( g -l)(JV-l) + l E* „ (7FS:-^t(p+l)) 2 

< g at-1 / (i-s)~ T s 1 e 4(t- S ) e -<fc s ds (3.49) 



Jv v 



n * JO 

2 P 4 / /H , N (g-i)(iv-i) + i _ P „ (V^-V¥+T) 2 

<C j^- / (l-s)-Ta 3 e 4 (i-»)e _9£ c . 

n~ ~ Jo 

We apply Lemma EH with A = ^p, B = V^(V™ - VpTT), b = , a = f and 

k = yfqiil — l)/8 as in the case N = 1, and noticing that, for these specific values, 

, _ r- , t-,., (g-l)(JV-l) + JV-3 

x (VP + V^(v» - Vp + i)) 2 

if ,„ ^_ l-( 9 -l)(Af-l) 
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where C depends on N, q and k. Therefore 

2 

jv jv \ x —v\ i ,2 i, 

{t-s)~-s~~e Ht=7) e -qAv-A l is dyds 

i 

Arc, N . 1— (q-l)(N— 1) 

t (i- g( jv-i))/2 p -f* / n \~-V 2 ^ \ a (vp + ^(^-v?+t)) 2 (3.50) 

VP/ V y/n ) 

l-q(N-l) _1 (g-l)(JV-l)-a l-(q-l)(JV-l) (Vp+v^7(v^-Vp+T)) 2 

We derive from (IBTiSD . (J33U]), 

J^ < 

at n— ^ _ „ 

(g-l)(JV-l)-2 „ 2q-3 l-( g -l)(JV-l) ( VP+ y^7( 7??- v^+T)) 2 

2^ n 4 y-n,o{ K n,j)lJ> 4 W^-y/p) 2 e 4 

n=£+lj- e eh n p=l 

(3.51) 

By Lemma fA.21 with a = ^ - , /3 = ^(i-'i-KN-i) , J = | and 7 = g e , we obtain 

n— ^ , 

E 2g-3 l-( g -l)(JV-l) _ (y^+ 797(77?- VF+T))^ JV(g-l)+g-3 _ n . . 

p 4 (^n — ^/p) 2 e 4 < Cn 4 e *, (3.52) 

thus 

< Ct^ £ E (3.53) 

Because 

fJ>n,j(Kn,j) = Cz/qrfX-Knj), 

we use the rescaling procedure as in the proof of Lemma 12.231 except that the scale factor is 

\/(n + l)i instead of yn + 1 so that the sets T n , K„, Q n and i^T n remains unchanged Using 

J 

again the quasi-additivity and the fact that J' 2 £ = J^ > we deduce 

which implies (|3.32p . □ 

The proof of Theorem 13.11 follows from the previous estimates on Ji and J2. Furthermore 
the following integral expression holds 

Theorem 3.8 Assume q > q c . Then there exists a positive constants C 2 , depending on N ,q 
and T , such that for any closed set F, there holds 



f<* pytat 2 2 /TP 

u F (x,t) > T^Vy o e-^s N -—iC 2M ( - n B 1 (x) ) sds, C>.^) 



where at is the smallest integer j such that F C Brj^{x). 
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Proof. We distinguish according q = q c , or q > q c , and for simplicity we denote B r = B r (x) 
the various values of r. 

Case 1: q = q c -s=>- N — -^j- = 0. Because F n = F n (Bd n+1 \ Ba n ) there holds 

f„V, / ^ „ „ \ „ ( F T\Bd, 



C 2 /q,q' -T— > C 2 / q ,q> -J— H B X 1 - C 2 /g,g' 



W , / — z /y-y \ ^ „ —4-1 ~ £ q,q 1 j 

Furthermore, since d n +i > d n , 
thus 

C 2 / a ,q> ^ ^2/0,0' 1 H B\ J — C 2 / ,o' T nB l 



it follows 

at 



En I F \ 1 \ n I F 

n=i i ^n+i 7 n=Q \d n+1 

>(1-^)E c ~ f °W n Si) " e "^2/^ n Si) 



Since, by (12T92D . 

C 2 /q,q' n Bl) > C 2/gj 

for any s' G [d n +i,d n + 2 ] and s G [d n , d n +i], there holds 



^'l£ nBl )^W (7 



F \ /FX /" dn+1 

"n+l / \«n+l 



*e-3c 2/M / - — n b x > c 2/(M , ( — n Si J / e- / 4 * s 



+1 / Jd n 



This implies 



W F {x,t) > (1 -e-3)t-( 1+ f } ^ tot e _s2/4 *C 2/M / f^nBi) sds. 



Case q> q c *^=^ iV — > 0. In that case it follows from Lemma 12.91 that 

C ' 2/9 ' 9 ' (^Ti) ~ d ^~ l C2/q ' q ' ^ ' 
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Thus 

at 

W F (x,t) « r^f^e-lCa/,,,, (F n ) . 

n=0 

Since 

Ca/g^' (F n ) > C 2 / q , q ' {F D #d n+ i) - C 2 / g)g / (-F n 5 dn ) , 

and again 

a t a t -l 

JV V — -\ n „ , _ . , 1 . JV 



t-T^ e -T C 2M (F n ) > (1 - e"4)t-- £VS C 2/q>q , (F n B^J 

n=0 n=0 

1 AT fVtat 2 

> (l-e-4)H 1+ T) / e-«C 2 w(FnS a )acfa. 

JO 

Because C 2/<M , (F n B„) rj s N ~^C 2/q>q , (s^F n Si), ([3351 follows. □ 

4 Applications 

The first result of this section is the following 

Theorem 4.1 Assume N > 1 and g > 1. TTien = w^-. 

Proof. U 1 < q < q c , the result is already proved in [28]. The proof in the super-critical case is 
an adaptation that we recall, for the sake of completeness. By Theorem 12.241 and Theorem 13.81 
there exists a positive constant C, depending on N, q and T such that 

up(x,t) < Cu F (x,t) V(x,t) £ Qt- 

By convexity u = u F — (up — u F ) is a super-solution, which is smaller than u F if we assume 

that ~u~f 7^ u F . If we set := 1/2 + 1/(2C), then uq = 9u F is a subsolution. Therefore there 
exists a solution u\ of (jl.ip in Qoo such that uq < u\ < u < u F . If [i E 971+ (R-^) satisfies 
n(F c ) = 0, then is the smallest solution of (jl.ip which is above the subsolution #u^. Thus 
u 0fi < u l < ILf an< ^ finally u F < u% < u F , a contradiction. □ 

If we combine Theorem l2.24l and Theorem 13.81 we derive the following integral approximation 
of the parabolic capacitary potential 

Proposition 4.2 Assume q > q c . Then there exist two positive constants C\, C\, depending 
only on N , q and T such that 

/tat 



rytat 22 /TP \ 

C 2 V( 1+ -) J s N ~~e-^C 2M ( -nBi(i)J sds < W F (x,t) 



for any (x, t) £ Q F - 



(4.56) 
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Definition 4.3 If F is a closed subset ofW N , we define the {2/ q,q') -integral parabolic capacitary 
potential W F by 

W F (x,t) =r l ~^J^ H ) 8 N -£ie-*/ u C 2M ^nfli(i)J sds V(x,t)EQ oc , (4.57) 

where D F {x) = max{|x — y\ : y £ F}. 
An easy computation shows that 

fta 



< W F (x,t) -H 1+ f)^ * s N ~^e-^C 2/qA > nfli(s)j sds 



*(g-3)/2(g-l) 
< (7- -D 2 F {x)/U 

~ D F {x) 



(4.58) 



and 

/t(a t +2) ^_ s 2 



0<H 1+ t) y ^"^e-feQj/,,,/ ( -nSi(a;)J sds- W F (x,t) 



f (g-3)/2(g-l) D 2 (x) 



(4.59) 



for some C = C(N,q) > 0. Furthermore 

i fD F (x)/V~t a s 2 / _p \ 

W F (x,t) = t 9-1 y s JV e~T C 2/g)? / f_n.Bi(a;) J sds. (4.60) 

The following result gives a sufficient condition in order that u F does not have a strong 
blow-up at a point x. 



Proposition 4.4 Assume q > q c and F is a closed subset o/R . If there exists 7 S [0, 00) suc/i 

HmC 2/qql f-nB^x)) = 7, (4.61) 



T->-0 



limt<?-in F (a;,t) = C7, (4.62) 



/or some C = C(iV, q) > 0. 

Proof. Clearly, condition (|4.6ip implies 

F 



nfiiW =7 



for any s > 0. Then (|4.62p follows by Lebesgue's theorem. Notice also that the set of 7 is 
bounded from above by a constant depending on N and q. □ 

In the next result we give a condition in order that the solution remains bounded at a point 
x. The proof is similar to the previous one. 
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Proposition 4.5 Assume q > q c and F is a closed subset o/R . // 

lim sup T^^ T C 2 /q i q' ^— D B^x)^ < oo, (4.63) 
then up(x,t) remains bounded when t — > 0. 

Remark. If we assume that / is a convex function on M + satisfying 

c 2 r 9 < j( r ) < Cir g Vr > (4.64) 

for some < c 2 < ci we can construct in the same way as for (jl.ip the solutions u F and uf for 
equation 

d t u - Aw + /(«) = in Q T . (4.65) 

The bilateral estimate estimate (11 . 19f) is still valid (up to change of the Ci). Since only convexity 
of / is used in the proof of Theorem 14.11 there still holds u F = up. Similar extensions of 
Proposition 14.41 and Proposition 14.51 are also clear. 

A Appendix 

The next estimate is crucial in our study of semilinear parabolic equations. 

Lemma A.l Let a and b be two real numbers, a > and n > 0. Then there exists a constant 
C = C(a,b, k) > such that for any A > 0, B > k/A there holds 

f\l - x)- a x~ h e- A2 l^-^e~ B2 l^dx < Ce-V+WW-'B 1 -^ + B) a+t >- 2 . (A.l) 
J o 

Proof. We first notice that 

max{ e - Aa /4(i-*) e -BVto . o < x < 1} = e-^ A+B fl\ (A.2) 
and it is achieved for x = B/(A + B). Set ${x) = (1 - x)- a x- b e~ A2 l A{1 - x ^ e~ B2 l Ax , thus 

/ <5>(x)dx = / §{x)dx + / <$>(x)dx = I afi + J afi . 

JO JO Jx 

Put 

A 2 B 2 

u = 7Ti V + ( A - 3 ) 

4(1 - x) 4a; 

then 

4ux 2 - (4it + B 2 - A 2 )x + B 2 = 0. (A.4) 
If < x < xq this equation admits the solution 

x = x {u) = -L(4 U + B 2 -A 2 - ^/I6u 2 - 8u(A 2 + B 2 ) + (A 2 - B 2 ) 2 



44 



f-XQ poo 

/ (1 - x)- a x- b e- A2 / 4( - 1 - x ^ B2 / 4x dx = - / (1 - x(u))~ a x(u)- b e- u x'(u)du 

JO J{A+B) 2 /A 

Putting x' = x'(u) and differentiating (|A4p . 



Ax 2 + 8uxx' - (Au + B 2 - A 2 )x' - Ax = 



Au + B 2 - A 2 - 8ux ' 
Thus 

$>(x)dx = A\ \" I ' . (A.5) 

o J(A+B) 2 /4 Au + B z — A z — 8ux(u) 

Using the explicit value of the root x(u), we finally get 

$(x)ds = 4 / , (A.6) 

o J(A+By/4 Vl6u 2 - 8u(A 2 + B 2 ) + (A 2 - B 2 ) 2 

and the factorization below holds 

16u 2 - 8n(vl 2 + B 2 ) + (A 2 - B 2 ) 2 = 16(u - (A + B) 2 /A)(u -(A- B) 2 /A). 
We set u = v + (A + 5) 2 /4 and obtain 



_ v + {AB + 5 2 )/2 - y/gjj + AB) 
2 (« + (A + 5)2/4) 

and 



, v _ « + (A 2 + AB)/2 + ygjj + Agj 
X(Uj " 2(« + (A + B)V4) 

We introduce the relation ~ linking two positive quantities depending on A and B. It means 
that the two sided-inequalities up to multiplicative constants independent of A and B. Therefore 

I $(x)dx = 2 a - b ~ 4 e~( A+B ^ I 4 I §{v)dv where 
Jo x _ 6 Jo 

y/v(v + AB^j (v + (A 2 + AB)/2 " 

(v + (A + 5) 2 /4) 2 - a - fe y^T+AB) 

(A.7) 

Case i; a > 1, 6 > 1. First 

(« + (A + 5)2/4) a+fe - 2 < (v + (A + B) 2 /A) a+b - 2 ^ (, + (A + 5)2)" +b - 2 (A g) 



(u + (AB + 5 2 )/2 - T^TTAB)) (u + (A 2 + AB)/2 + y/v(v + AB) 
= ; ,. ^TCT F=== e-«(fo. 



y^O + AB) y/v(y + k) y/v(y + k) 

since a + 6 — 2 > and AB > k. Next 

(v + {A 2 + AB)/2 + y/v(v + ABfj ^ « (t, + A(A + _B)) 1-a . (A.9) 
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Furthermore 



+ (AB + B 2 )/2 - ^v(v + AB) = B 2 v + (A + B) 2 /A 



v + B(A + B)/2 + y/v(v + AB) (A 1Q) 



v + [A + BY 



v + B{A + B)' 
Then 

(y + (AB + B 2 )/2 - ^FTAB)) ^ « B^» ( ^^ ) ^ (A-H) 



It follows 



< CB 2 - 2b 

< CB 2 ~ 2b 



v + iA + Bfy- 1 (v + B(A + B)) c 



v + A(A + B)J ^/ v ( v + K ) 

u + (A + 5) 2 \ a_1 v 6 - 1 + (5 2 + AB) 6 - 1 



(A.12) 



where C depends on a, & and k. The function ui-> (t> + (A + B) 2 )/(v + A(A + £?)) is decreasing 
on (0, oo). If we set 

/■oo v b-X e -v dv foe e -v dy 

C\= I — -j^=^= and 62 



+ k) Jo y/v(v + k) 

then 

Ci < K(B 2 + AB) b - 1 C 2 

with if = CxK 1 - b /C 2 . Therefore 

f X ° n 

/ $(x)dx < Ce-( A+B ) / 4 J B 1 - 6 A 1 - a (A + B)° +ft - 2 . (A.13) 
Jo 

The estimate of J a ^ is obtained by exchanging (A, a) with (B, b) and replacing x by 1 — x. 
Mutadis mutandis, this yields directely to the same expression as in IA 131 and finally 

/ <S>(x)dx < Ce-( A+B)2/4 A 1 - a B 1 - b (A + B) a+b - 2 . (A.14) 
Jo 

Case 2: a > 1, b < 1. Estimates (jA~7l) . (jA~8|) . (CO]) . (jXTOjl and ([ATT]) are valid. Because 
+ 5(A + i?)) 6 " 1 is decreasing, (|A.12|) has to be replaced by 

*M<C*W» + ^ + B2 )'". (A.!5) 

V^ + A(A + 5)y ^(t, + K ) 

This implies (|A13p directly. The estimate of J a ^ is performed by the change of variable x 1— > 
1 — x. If x\ = 1 — xq , there holds 

Jo Jo 
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Then 



\ ^(x)dx = 2 b - a - A e- { - A+B ^ / 4 / V(v)dv where 
Jo Jo 



o + (AB + A 2 )/2 - ^/v(v + AB)) * ° (v + (B 2 + AB)/2 + y/v(v + AB)) * 



\f/(v) = -± ■ - ■ J - ^ : L e~ v dv 

(v + (A + B) 2 /4) 2 - a - b ^v(v + AB) 



Equivalence (L4.8P is unchanged; (|A9p is replaced by 



(A.16) 



v 



+ (B 2 + AB)/2 + y/v{v + AB)) ^ « (v + B(A + S)) 1 " 6 , (A.17) 
(IXTOj) by 

v + {AB + A 2 )/2 - ^v(v + AB) « A 2 ^±^±^ y (A.18) 

and (|XlTT) by 

+ (AB + A 2 ) 12 - ^v(v + AB)) ^ « A 2-2a (l±^i^> ) ^ ■ (A-19) 

Because a > 1, (|A12h turns into 

~ . . „ t o o h/ , , n ,,a ,{v + A 2 + AB) a - l (v + B 2 + AB) l - b 

\Jv{v + k) 

< Ce-( A+B ^/ 4 A 2 - 2 \A + S) 26 - 2 

X 

yu(t? + k) 

Because AS > k, there exists a positive constant C, depending on k, such that 

roo y a-b + ( A 2 + ^45)1-1^1-6 + (£2 + _4_B)1- V" 1 



(A.20) 



Jo 



< CA a - 1 B 1 ~ b (A + B) a ~ b ' 



(A.21) 



y/v(v + K) 



Combining (fX20|) and (jX2~Tj) yields to 

f \(x)dx < Ce-( A+B ?l 4 'A x - a B 1 - h (A + B) a+b - 2 . (A.22) 

JO 

This, again, implies that holds. 

Case 5: max{a, 5} < 1. Inequalities (|A7j) - (|Alll) hold, but (|A12j) has to be replaced by 



W + A(A + B)J ^ v ( v + «) 

«i- + ( i ia + AB) 1 - a 1 j 

< cs 1 -^ + s) 2a+b - 3 ; — 
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Noticing that 

< C (A' + AZ?) r /"^ . 
Jo ^(v + k) Jo y / v(i; + «) 

it follows that (fXT3l) holds. Finally ([Xlil) holds by exchanging (A, a) and (5,5). □ 

Lemma A. 2 . Let a, ft, 7, 5 be real numbers and I an integer. We assume 7 > 1, 5 > and 
£ > 2. Then there exists a positive constant C such that, for any integer n > I 

n-e 

p=l 

Proof. The function x 1— > (y/x+y/j(-*/n — \Jx + l)) 2 is decreasing on [(7 — l) -1 , 00). Furthermore 
there exists C > depending on a and ft such that p a (\/n — y/pY < Cx a {^/n — \fx~+T)" 
for x 6 [p,p + 1] If we denote by po the smallest integer larger than (7 — 1) , we derive 

n— I Po— 1 n— f 

5 = Jj^y^- V ^)/3 e -(v^+V^(^-^P+T)) 2 /4 = + ^,<*(y^_ V ^)/3 e -5(v^+V^(^-VP+T)) 2 

p=l p=l po 

Po-1 

< ^p a (y7l- ^)^e- 5 (v / P+v / 7(v / ^-v / P+T)) 2 
p=l 



rn+l—i _ _ 

+ C x a (^h~- Vx) /3 e- 5 (v / S+ v / 7(v / S-v / S+T)) 2 dX) 

Jpo 



(notice that yTi — -y/x ~ >/" — + 1 for x < n — £) . Clearly 

po-i _ 

^p a (v^- VP) /3 e- 5( v^+v / 7(v^-Vp+T)) 2 < C n°(Vn- V^ife- 5n (A.25) 
p=l 



for some Co independent of n. We set y = y{x) = \Jx + 1 — y/x/ypy. Obviously 

w'fx) = - I ; : — — = I Vx > Bn, 

and their exists e = e(<5, 7) > such that \/2yfx > y(x) > eyfx and y'{x) > e/y/x. Furthermore 



T 7 ! 



7 



\M7 - 1) - yJlV ~ IV 2 + 1 - 7 

n — \/x — 

7-1 

n(7 - 1) + 7 - 2y^/7n - 7y 2 



1/71(7 - 1) - y^yy + 7y 2 + 1 - 7 
n(7 - 1) + 7 - 2y v / 7n - 7y 2 
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since y(x) < \Jn. Furthermore 

n(7 - 1) + 7 - ly^fjn - ~/y 2 = ^(yjn + 1 + yV ^7 + y)(y/n + 1 - yfi - y) 

n + 1 - x/n/y/j-y), 



because y ranges between \/n + 2 — £ — y/n + 1 — £.^7 ps y^n and a/rT+T" — V^o V^ 7, Thus 
This implies 



/•n+1— « _ 

•'PO 

/•j/(n+l-^) _ 

<C/ y 2Q+1 (V^TT- y/n/^-y) ^e-T^-f) dy 

^2/(z>o) 

fl-v(po)/\/n 

< Cn Q+ ^ 2+1 / (1 - z) 2o+1 (z + y/l + l/n - 1 - l/^fe-^ nz dz. 



(A.26) 

Moreover 

y/n M \/7 / 

, y(n-e + l) | ^-1 + 2 -^71-1 + 1 

= J_ ( 1 + ^' f - 2 >^ +1 + ^-^-'H + 0(»-). 
\ 2n 8n 2 ) 

(A.27) 

Let 9 fixed such that 1 - ^zA+jj < # < 1 _ for any n > p - Then 



/ (1 - z) 2o+1 (z + 71+1/^-1 - l/^^e-T" 5 " 2 < C e / (1 - «) 2a+1 e-'i , * ,M! dz 

Jo 

„ rl-v(po)/Vn 

< C e e-^ nd / (1 - z) 2a+1 dz 

< C e-T" 5 " 02 maxjl,!!-"- 1 / 2 }. 



Because 7# 2 > 1 we derive 

'l-y(po)/Vri 



ri--y(Po)/v n , „ 

/ (1 - z) 2a+1 (z + v 7 ! + l/n - 1 - l/J^fe-^ nz dz < Cn"^-*", (A.28) 

Je 



for some constant C > 0. On the other hand 



r0 

I (1 - z) 2a+1 (z + y/TTTJn- 1 - l/yfyjPe-i^dz 

Jl-y(n+l-e)/y/ri ' 

<C'J {z+ y/l + l/n - 1 - l/^e-^fk. 

Jl-y(n+l-e)/s/n 
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The minimum of z i— y (z + \/l + 1/n — 1 — l/y^y)' 3 is achieved at 1 — y(n + 1 — I) with value 
and the maximum of the exponential term is achieved at the same point with value 



e -„ W -2)V7+i-*)/2 (1 + o(1)) = Cy e- nS (l + o(l)). 



We denote 



re 

z 7 , n = 1 + 1/Vt - \A + V" and = / (z - z 7 , n )^-^ 2 dz. 

yi- a (n+l-^)/Vn 

Since 1 — y(n + 1 — ^) > 1/^/2^ for n large enough, 
Ip<V^f {z~ z^ n fze-^ nz2 dz 



< -V27 



13 -~i&nz 2 



+ 4^5 / (z-z^f^ze-^dz 



But 1 - y(n + 1 - - z 7i „ = (£ - 1)(1 - l/^y)/2n, therefore 

Ip < dn-^e'^ + /3C^rr%_i. (A.29) 

If (3 < , we derive 

Ip < Cm- /3 - 1 e- 5n , 

which inequality, combined with (|A26P and (L4,28|h yields to ([A24]). If /3 > 0, we iterate and 
get 

i/3 < Cm-P- l e- &n + Cln-^Cin-^e- 5 ™ + (f3 - l^rr 1 /^) 
If /3 — 1 < we derive 

h < Cm-P- l e- &n + CiCln-^^e- 5 ™ = C 2 rT^ e~ 5n , 

which again yields to (|A24|) . If /3 — 1 > 0, we continue up we find a positive integer k such that 
/3 — k < 0, which again yields to 

Iff < C k n-?- l e- Sn 

and to (IA241) . □ 

The next estimate is fundamental in deriving the ^-dimensional estimate. 

Lemma A. 3 For any integer N > 2 there exists a constant cn > such that 

e moo S e siQ N-2 ede< . Vm>0. (A.30) 

- (1 + m)( Ar " 1 )/ 2 v y 
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o 



f'7T f'TT 

Proof. Put l N (m)= / e mcoae sm N - 2 ed0. Then I' 2 {m) = / e m cos 6 cos 9 d9 and 

/*7T /*7T 

X' 2 \m) = / e rn cos 9 cos 2 9 d9 = l 2 (m) - e m cos 6 sin 2 d# 
io io 

= l 2 (m)- — f e mcose cos6d6 



1 ° 

X 2 ("i) ^(m)- 



Thus X2 satisfies a Bessel equation of order 0. Since 2^(0) = 7r and I 2 (0) = 0, 7r 1 Z2 is the 
modified Bessel function of index (usually denoted by Iq) the asymptotic behaviour of which 
is well known, thus (|A30|) holds. If N = 3 



X 3 (m) = r e mcos 9 sinO d6 
Jo 



m 



2 sinh m 



m 



For N > 3 arbitrary 



X N (m)= I — -^(e mc ° s9 )sin Ar - 3 0^ = -/ e mcose cosflsin^" 4 (A.31) 

m d9 m Jq 







Therefore, 



X 4 ( m ) = 1 e m cos 6 cos 9 d9=l' 2 (m), 
Wo 

and, again (|A30|) holds since I'o(m) has the same behaviour as Io{m) at infinity. For N > 5 

11 V f " ^ X " T + ^ r e mcose± ( cos ^ sin AT-5M ^_ 

m 2 J d9 v y 



liv(m) 



m 2 



e mcose cos0sin iv " 5 i 



Differentiating cos^sin^ 5 # and using (|A3ip . we obtain 

4 sinh m 4 sinh m 



- 2 ., . 

while 

Xjv(m ) = (A-3)(iV-5) {lN ^ {m) _ lN _ 2{m)) (A .32) 
m z 

for iV > 6. Since the estimate (|A30|) for I 2 , 13, Z4 and X5 has already been obtained, a straigth- 
forward induction yields to the general result. □ 

Remark. Although it does not has any importance for our use, it must be noticed that Zjv can 
be expressed either with hyperbolic functions if N is odd, or with Bessel functions if N is even. 
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